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1. Introduction 

1.1. Let q be a simple Lie algebra over C, and G the corresponding algebraic group of adjoint 
type. Given an invariant inner product k on g, let g K denote the corresponding central extension 
of the formal loop algebra g g> C((i)), called the affine Kac-Moody algebra g K , 

O^C1^0 K ^ «C((i)) ->0, 

with the two-cocycle defined by the formula 

x ® f(t),y <g> g(t) i-> -k(x, y) ■ Res t=0 fdg. 

Denote by g K -mod the category of g K -modules which are discrete, i.e., any vector is annihilated 
by the Lie subalgebra g £g> f^C^i]] for sufficiently large N > 0, and on which 1 S C C Q K acts 
as the identity. We will refer to objects of these category as modules at level k. 

Let Giq — G((t))/G[[t]] be the affine Grassmannian of G. For each k there is a category 
D K (Grc)-mod of K-twisted right D-modules on Gtg (see |BDj ) . We have the functor of global 
sections 

T : D K (Gr G )-mod -> fl K -mod, J » r{Gi G ,T). 

Let K K u be the Killing form, kku(x,v) = Tr(adj,(x) o ad B (y)). The level K crit = —\kku 
is called critical. A level k is called positive (resp., negative, irrational) if k = c ■ kku and 
c+i eQ >0 (resp., c+i e Q <0 , c £ Q). 

It is known that the functor of global sections cannot be exact when k is positive. In contrast, 
when k is negative or irrational, the functor T is exact and faithful, as shown by A. Beilinson 
and V. Drinfeld in BD , Theorem 7.15.8. This statement is a generalization for affine algebras 
of the famous theorem of A. Beilinson and J. Bernstein, see BB , that the functor of global 
sections from the category of A- twisted D-modules on the flag variety G/B is exact when A — p 
is anti-dominant and it is faithful if A — is, moreover, regular. 

The purpose of this paper is to consider the functor of global sections in the case of the critical 
level K cr it- (In what follows we will slightly abuse the notation and replace the subscript Kcrit 
simply by C rit-) Unfortunately, it appears that the approach of |BD| does not extend to the 
critical level case, so we have to use other methods to analyze it. Our main result is that the 
functor of global sections remains exact at the critical level: 

Theorem 1.2. The functor T : D cr i t (GrG)-mod — > g cr . it -mod is exact. 

In other words, we obtain that for any object H of D cr j t (Grc;)-mod we have lT(GrG, CF) — 
for i > 0. Moreover, we will show that if J ^ 0, then H°(Gr G ,J) = T(Gr G ,3 r ) ^ 0. This 
property is sometimes referred to as "D-affincncss" of Grg. 
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In fact, we will prove a stronger result. Namely, we note after |BD| . that for a critically 
twisted D-module £F on Gig, the action of g cr it on r(Grc,3 r ) extends to an action of the 
renormalized enveloping algebra U ren (g cr it) of Sect. 5.6 of loc.cit. Following a conjecture 
and suggestion of Beilinson, we show that the resulting functor from D cr ; t (GrG)-mod to the 
category of C/ re,l (§ cr j t )-modules is fully-faithful. 

1.3. Our method of proof of Theorem 1 1 . 21 uses the chiral algebra of differential operators Dg,k 
introduced in |AG| . Modules over Dg,k should be viewed as (twisted) D-modules on the loop 
group G((t)). In particular, the category of K-twisted D-modules on Gig is equivalent to the 
subcategory in £»G !tc -mod, consisting of modules, which are integrable with respect to the right 
action of g[[i\] (see Theorem l2.5fl . The functor of global sections on Gr^ corresponds, under this 
equivalence, to the functor of g[[t\] -invariants. Therefore, we need to prove that this functor of 
invariants is exact. 

This approach may be applied both when the level k is negative (or irrational) and critical. 
In the case of the negative or irrational level the argument is considerably simpler, and so we 
obtain a proof of the exactness of V, which is different from that of |BD| (see Sect. 

The argument that we use for affine Kac-Moody algebras yields also a different proof of the 
exactness statement from p3B . Let us sketch this proof. For a weight A, let D A (G/-B)-mod 
be the category of left A- twisted D-modules on G/B (here for an integral A, by a A- twisted D- 
module on G/B we understand a module over the sheaf of differential operators acting on the 
line bundle GxgA). Let ir denote the natural projection G — > G/B, and observe that the pull- 
back functor (in the sense of quasicoherent sheaves) lifts to a functor tt* : D A (G/B)- mod — > 
D(G)-mod. Furthermore, for a D-module 5F' on G, the space of its global sections T(G,3 r ') is 
naturally a bimodule over g due to the action of G on itself by left and the right translations. 

For 5" G D A (G/B)- mod we have 

T(G/B, J) ~ Home (C~ A , T(G, 7r*(J))) , 

where b is the Borel subalgebra of g, C~ A its one-dimensional representation corresponding 
to weight —A, and T(G, 7r*(3 r )) is a b-module via b g and the right action of g. But the 
0-module T(G,3 r/ ), where "J' = 7r*(9 r ) (with respect the right g-action), belongs to the category 
0. Thus, we obtain a functor 

V : D A (G/B) - mod 0, 5 h-> T(G, tt*(?)), 

and 

T(G/B, J) ~ Hom (Af (-A), T'(J)) , 

where M(— A) is the Verma module with highest weight —A. 

The functor V is exact because G is affine, and it is well-known that M(fi) is a projective 
object of precisely when /z + p is dominant. Hence T is the composition of two exact functors 
and, therefore, is itself exact. 

This reproves the Beilinson-Bernstein exactness statement. Note, however, that the methods 
described above do not give the non-vanishing assertion of BB . 

1.4. The proof of the exactness result in the negative (or irrational) level case is essentially a 
word for word repetition of the above argument, once we are able to make sense of the category 
of D-modules on G((t)) as the category of Sc.K-modules. The key fact that we will use will be 
the same: that the corresponding vacuum Weyl module Vg jK < is projective in the appropriate 
category if k' is positive or irrational. 

This argument does not work at the critical level, because in this case the corresponding 
Weyl module V 0jC rit is far from being projective in the category g cr u — mod. Roughly, the 
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picture is as follows. Modules over Q cr it give rise to quasicoherent sheaves over the ind-scheme 
Spec(3g,a;), where 3s, x is the center of the completed universal enveloping algebra of Qcrit (this 
is the ind-scheme of L g-opers on the punctured disc, where l q is the Langlands dual Lie algebra 
to 2). The ind-scheme Spec(3 B , K ) contains a closed subscheme Spec(j BjX ) (this is the scheme of 
L g-opers on the disc). The module V ByCr it is supported on Spec(3 fllX ) and is projective in the 
category of g cr i 4 -modules, which are supported on Spec(3 8ia; ) and are G(Oa;)-integrable. 

The problem is, however, that the § cr ^-modules of the form T (G((t)),Tr*(3 r )), where tt 
is the projection G((t)) — > G((i))/G[[t]] ~ Grg, are never supported on Spec(3 fl!2; ). There- 
fore we need to show that the functor of taking the maximal submodule of r (G((i)), TT*(3 f )), 
which is supported on Spec(3 B;2: ), is exact. We do that by showing that the action of g C rit on 
r (G((t)), tt* (5F)) automatically extends to the action of the renormalized chiral algebra Ag en ' T , 
which is closely related to the renormalized enveloping algebra U ren (g cr it), mentioned above. 

Consider the following analogy. Let X be a smooth variety and Y its smooth closed sub- 
variety. Then we have a natural functor, denoted v, from the category of Ox-modules, set- 
theoretically supported on Y, to the category of Oy-modules: this functor takes an Ox -module 
2f to its maximal submodule supported scheme-theoretically on Y . This is not an exact functor. 
But the corresponding functor from the category of right D-modules on X, also set-theoretically 
supported on Y, to the category of right D-modules on Y is exact, according to a basic theorem 
due to Kashiwara. 

In our situation the role of the category of Ox-modules is played by the category Q C rit — 
mod, and the role of the category of D-modules is played by the category of modules over the 
chiral algebra A r s en ' T . We show that the above functor of taking the maximal submodule of 
r (G((t)),ir* (J)), which is supported on Spec(3 B , x ), factors through the latter category, and 
this allows us to prove the required exactness. 

1.5. Contents. Let us briefly describe how this paper is organized. In Sect. El we treat the 
negative level case. In Sect. El we recall some facts about commutative D-algebras and the 
description of the center of the Kac-Moody chiral algebra at the critical level. In Sect. El wc 
discuss several versions of the renormalized universal enveloping algebra at the critical level in 
the setting of chiral algebras. In Sect. we study the chiral algebra of differential operators 
Dg, k when In Sect. El we derive our main Theorem II .21 from two other statements, 
Theorems 16 . 1 II and 16.151 In Sect. we prove Theorem 16. 151 generalizing Kashiwara's theorem 
about D-modules supported on a subvariety. In Sect.EJwe prove Theorem l6 .111 and describe the 
category of § cr it-rnodules, which are supported on Spec(3 e ^) and are G(Oa;)-integrable. Finally, 
in Sect. El we prove that the functor T is faithful. 

1.6. Conventions. Our basic tool in this paper is the theory of chiral algebras. The founda- 
tional work |CHA on this subject will soon be published (in our references we use the most 
recent version; a previous one is currently available on the Web). In addition, an abridged 
summary of the results of |CHA| that are used in this paper may be found in |AG| . We wish to 
remark that all chiral algebras considered in this paper are universal in the sense that they come 
from quasi-conformal vertex algebras by a construction explained in |FB| . Ch. 18. Therefore 
all results of this paper may be easily rephrased in the language of vertex algebras. We have 
chosen the language of chiral algebras in order to be consistent with the language used in |AG| . 

We also use some the results from BD , which is still unpublished, but available on the Web. 

The notation in this paper mainly follows that of AG . Throughout the paper, X will be a 
fixed smooth curve; we will denote by Ox (resp., u>x, Tx and Dx) its structure sheaf (resp., 
the sheaf of differentials, the tangent sheaf and the sheaf of differential operators). 
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We will work with D-modules on X, and in our notation we will not distinguish between 
left and right D-modules, i.e., we will denote by the same symbol a left D-module M and the 
corresponding right D-module M (£> wj. The operations of tensor product, taking symmetric 
algebra, and restriction to a subvariety must be understood accordingly. 

We will denote by A the diagonal embedding X — > X x X, and by j the embedding of its 
complement X x X — A(X) — > X x X. If x G X is a point, we will often consider D-modules 
supported at x. In this case, our notation will not distinguish between such a D-module and 
the underlying vector space. 

We will use the notation A x C for a fiber product of A and C over B, and the notation 

B 

CP x G V for the twist of a G-module V by a G-torsor CP. 

Finally, if C is a category and C is an object of C, we will often write C G 6. 

1.7. Acknowledgments. D.G. would like to express his deep gratitude to A. Beilinson for 
explaining to him the theory of chiral algebras, as well as for numerous conversations related to 
this paper. He would also like to thank S. Arkhipov, J. Bernstein for stimulating and helpful 
discussions. 

In addition, both authors would like to thank A. Beilinson for helpful remarks and suggestions 
and B. Feigin for valuable discussions. 

The research of E.F. was supported by grants from the Packard foundation and the NSF. 
D.G. is a long-term prize fellow of the Clay Mathematics Institute. 

2. The case of affine algebras at the negative and irrational levels 

2.1. In this section we will show that the functor of global sections 

T : D K (Gr G ) - mod — > g K - mod 

is exact when k is negative or irrational. A similar result has been proved by Beilinson and 
Drinfeld in |B"D"]. Theo rem 7.15.8, by other methods. The setting of |BD| is slightly different: 
they consider twisted D-modules on the affine flag variety FIg — G((t))/I instead of Gi'g = 
G((t))/G[[i\], where I c G[[t\] is the Iwahori subgroup, i.e., the preimage of a fixed Borel 
subgroup B C G under the projection G[[t]] — > G. Here is the precise statement of their 
theorem: 

Recall that for any affine weight A = (A, 2h ■ c) (where A is a weight of g, c £ C and h is 
the dual Coxeter number), we can consider the corresponding category D^ (FIg)- mod, of right 
A-twisted D-modules on FIg- A weight A is called anti-dominant if the corresponding Verma 
module M(A) over g K (where n = c ■ kku) is irreducible. According to a theorem of Kac and 
Kazhdan (see jKKj ). this condition can be expressed combinatorially as (A + /5 a //,o; a //) ^ Z >0 , 
where ct a ff runs over the set of all positive affine coroots. We have: 

Theorem 2.2. If X is anti- dominant, then the functor of sections T : D^F^-mod — > g K -mod 
is exact. 

Theorem 12. 21 formally implies the exactness statement on Gig (i-e., Theorem 12. 41 below) only 
for k = c • kku with c cither irrational, or c + | < — 1 + i ; so our exactness result is slightly 
sharper than that of |BD| . The proof of Theorem l2.4l given below can be extended in a rather 
straightforward way to reprove Theorem 12.21 In contrast, in the case of the critical level, it 
is essential that we consider D-modules on Gig and not on FIg; m the latter case the naive 
analogue of the exactness statement is not true. 

Finally, note that Theorem 7.15.8 of |BD| contains also the assertion that for ^ J G 
D^(FlG)-mod, then the space of sections r(GrG,3 r ) is non-zero, implying a similar statement 
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for 5F S D K (Grc)- In Sect. El we will reprove this fact as well, by a different method. This proof 
is the same in the negative and the critical level cases. 

2.3. Thus, our goal in this section is to prove the following theorem: 

Theorem 2.4. The functor T : D K (Grc)-mod — + g K -mod is exact when k is negative or 
irrational. 

The starting point of our proof is the following. Recall the chiral algebra ©g,« (on our 
curve A"), introduced in |AG| . Let Dc^-mod denote the category of chiral J)G !K -modules 
concentrated at a point x € A. In AG it was shown that D<3 iK -mod is a substitute for the 
category of twisted D-modules on the loop group G((t)), where t is a formal coordinate on A 
near x. 

In particular, we have the forgetful functor 

D G ,K-mod -> (g K x g 2Kcrit _ K )-mod, 

where g K -mod (resp., g 2Kcr4t _ K -mod) is the category of representations of the affine algebra at 
the level k (resp., 2K crit — n). This functor corresponds to the action of the Lie algebra g((i)) 
on G((i)) by left and right translations. In what follows, for a module M £ £>G,K _m od, we will 
refer to the corresponding actions of g K and Q2K crit -K on it as "left" and "right", respectively. 

Let X ~ C[[i\] be the completed local ring at x. Consider the subalgebra g(0 x ) C 02K cWt -K- 
Let fl 2 K crit -K-rnod G (° x ) be the subcategory of §2re crH -K -lr iod whose objects are the 02 Kcrit - re - 
modules, on which the action of g(Q x ) may be exponentiated to an action of the corresponding 
group G(0 X ). Let :DG, K -rnod G ^ denote the full subcategory of DG, K -rnod whose objects 

belong to g 2Kcrit _ K -mod G ^ 0: ^ under the right action of g 2Kcj . it _ K -mod. 
The following result has been established in |AG| : 

Theorem 2.5. There exists a canonical equivalence of categories 

D K (Gr G )-mod ~ ® G , K -mod G(d * } . 

If S' is an object of D K (Gr G )-mod, and My the corresponding object of SG^-mod^ ^, then 
the g K -module T(GrG,3 r ) identifies with (Mj) 9 ' 01 ', the space of invariants in My with respect 
to the Lie subalgebra g(0 x ) C Q2K arit ~n under the right action. 

2.6. To prove the exactness of the functor T : D K (Gr G )-mod — > g K -mod, for negative or 
irrational k, we compose it with the tautological forgetful functor g K -mod — > Vect. By Theo- 
rem this composition can be rewritten as 

Dc^-mod^ ^ -> B 2Kc „ t _ K -mod G(0x) -> Vect, 

where the first arrow is the forgetful functor, and the second arrow is 
For an arbitrary level k', let V 3jK ' be the vacuum Weyl module, i.e., 

where g(0 x ) acts on C by zero and 1 acts as the identity. Tautologically, for any M £ g K '-mod, 
we have: 

(2.1) Hom S(5 ,(V fl)K /,M) ~ M s(d ^. 

Moreover, V Bj «' is G(O x )-integrable, i.e., belongs to K '-mod G< - Ox ^. 
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Observe that the condition that n is negative or irrational is equivalent to k' := 2n cr it — n 
being positive or irrational. Therefore, to prove the exactness of F, it is enough to establish the 
following: 

Proposition 2.7. If k' is positive or irrational, the module Y g . K ' is projective in q k i -Taod G ^ 0:L \ 

This proposition is well-known, and the proof is based on considering eigenvalues of the 
Segal-Sugawara operator Lq. We include the proof for completeness. 

Proof. Recall that for every non-critical value of k', the vector space underlying every object 
DVC G g K >-~mod carries a canonical endomorphism Lq obtained via the Segal-Sugawara construc- 
tion, such that the action of q k i commutes with Lq in the following way: 

(2.2) [L ,x®t n ] = -n-x®t n , x<Eg,neZ. 
Explicitly, let {x a ,x a } be bases in g, dual with respect to kku- The operator 

(2.3) SQ = ^x a ■x a + 2'^2^2x a ®t~ n -x a ®t n 

a a n>0 

is well-defined on every object of g K '-mod, and it has the following commutation relation with 
elements of g K ' : 

(2.4) [S ,x®t n ] = -(2c' + 1) -n-x®t n , x£g,neZ, 

where d is such that k' = c' ■ Kku- Therefore, for d ^ —5, the operator Lq := 9e , 1 +1 • Sq has 
the required properties. 

For an integral dominant weight A of g, let V x be the finite-dimensional irreducible g-module 
with highest weight A and W x K , the corresponding Weyl module over g K /, 

V A , = Ind e < (V x ) 

where g(0 x ) acts on V x through the homomorphism q(Q x ) — * an d 1 acts as the identity. Then 
we find from formula (|2.3|) that Lq acts on the subspace V x C V A K , by the scalar §^rrj , where 
C (A) is the scalar by which the Casimir element ^2 a x a ■ x a of U(q) acts on V x . Note that 
C fl (A) is a non-negative rational number for any dominant integral weight A, and C g (A) ^ if 
A ^ 0. 

Since N x K , is generated from V x by the elements x ® t n G g K >, n < 0, we obtain that the 
action of Lq on Y x K , is semi-simple. Moreover, since every object M G g K i-mod G< ' ^ has a 
filtration whose subquotients are quotients of the Y x K , 's, the action of Lq on any such M is 
locally-finite. 

Suppose now that we have an extension 

(2.5) — » M — s- M — >- Y BtK > — » 

in g K /-mod G< - 0x ' ) . Let v° G M be a lift to M of the generating vector v° G V B K /. Without loss 
of generality we may assume that v° has the same generalized eigenvalue as v , i.e., 0, with 
respect to the action of Lq. It is sufficient to show that then v° belongs to (J/C)$® tC W\. Indeed, 
if this is so, then v° is annihilated by the entire Lie subalgebra q(0 x ), due to the eigenvalue 
condition, which would mean that the extension 1)2. 5JI splits. 
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Suppose that this is not the case, i.e., that v° is not annihilated by g <g> tC[[t]]. Then we can 
find a sequence of elements Xi ®t ni G g <E> tC[[t]], which we can assume to be homogeneous, 
automatically of negative degrees with respect to Lq, such that the vector 

w = xi ® t ni ■ ... ■ x k ® t Uk ■ v° G M 

is non-zero and is annihilated by g <3 tC[[t]]. But then, on the one hand, the eigenvalue of Lq 
on w is deg(a;i ® t™ 1 ) + ... + deg(xfe <£> t nk ) = — (m + ... + rife) S Z <0 , but on the other hand, it 
must be of the form C fty , which is not in Q <0 , by our assumption. 

c "T" 2 

□ 

3. Center of the Kac-Moody chiral algebra at the critical level 

3.1. Let A be a unital chiral algebra on X. In what follows we will work with a fixed point 
x G X and denote by .A- mod the category of chiral .A-modules, supported at x. 

Recall that the center of A, denoted by $(A), is by definition the maximal D-submodule of 
A for, which the Lie-* bracket i(A) M A — > Ai(.A) vanishes. It is easy to see that }(A) is a 
commutative chiral subalgebra of A. For example, the unit lux ^ A is always contained in 
3(A). 

Let .A gjK be the chiral universal enveloping algebra of the Lie-* algebra L 0iK := g®Dx ffiwx 
at the level k (modulo the relation equating the two embeddings of lux)- We have the basic 
equivalence of categories: 

yi fliK -mod ~ § K -mod. 

It is well-known that when k ^ K cr u, the inclusion tax $(A g . K ) is an isomorphism. Let 
us denote by 3 B the commutative chiral algebra $(A g . cr it). In Theorem 13.41 below we will recall 
the description of 3 obtained in |FFI IF] . 

Let i 3jX be the fiber of 3 at x; this is a commutative algebra. We have the natural maps 

3 fl ,* — > (V fl , c , it ) fl(5a=) ^ End flcrit (V 8 , c „ t ), 
where the left arrow is obtained from the definition of the center of a chiral algebra, and the 
right arrow assigns to e G End 0crit (V fliC rii) the vector e • v°, where v° is the canonical generator 
of V 

Q,crit ' 

The resulting homomorphism of algebras i$. x — ► Endg crit (Y g , C rit) is an isomorphism. In 
fact, for any chiral algebra A, its center %(A) identifies with the D-module of endomorphisms 
of A regarded as a chiral ^-module. At the level of fibers, we have a map in one direction 
l{A) x — > EndA-mod(-Ax)- This map is an isomorphism if a certain flatness condition is satisfied. 
This condition is always satisfied if A is "universal", i.e., comes from a quasi-conformal vertex 
algebra, which is the case of A g ^ cr it- 

3.2. For a chiral algebra A, let A x be the canonical topological associative algebra attached 
to the point x, see |CHA| . Sect. 3.6.2. By definition, the category .A-mod endowed with the 
tautological forgetful functor to the category of vector spaces, is equivalent to the category of 
discrete continuous .A^-modules, denoted yi^-mod. 

For example, when A = A g K , the corresponding algebra A g . KjX identifies with the completed 
universal enveloping algebra of g K modulo the relation 1 = 1. We denote this algebra by U'(g K ). 

When A = 15 is commutative, the algebra T> x is commutative as well, see |CHA| . Sects. 3.6.6 
and 2.4.8. In fact, H x can be naturally represented as lim r K L x ^ where Ti l are subalgebras of 

23, such that r B l \x-x — 15\x-x- In particular, we have a surjective homomorphism H x — > IB^; 
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the subcategory CB^-mod C IS^-mod is the full subcategory of 23- mod, whose objects are 
central 23-modules, supported at x £ X. (Recall that a 23-module M is called central if the 
action map j*j*( r B Kl M) — * Ai (23) comes from a map 23 ® M — > M, i.e., factors through 
i*j*(BHM)-*A|(S®3Vt).) 

We will view Spec(23 x ) as an ind-scheme lim Spec(23^,); we have a closed embedding 

Spec(23 x ) ^ Spec(23 x ). 

By taking 23 = 3 g , we obtain a topological commutative algebra 3 B)X) which we will also 
denote by 3g,x- The corresponding map Spec(3 g . x ) <— ► Spec(3 fl .x) will be denoted by i. 

For any chiral algebra A we have a homomorphism 

i(A) x - z(i x ), 

where ^(yi^) is the center of A x . We do not know whether this map is always an isomorphism, 
but can show that it is an isomorphism for A = A BlCr iti using the description of j fl , given by 
Theorem 13. 4f 1) below (see BD , Theorem 3.7.7). In other words, "5 SlX maps isomorphically to 
the center of U'(g cr it). 

3.3. Let us recall the explicit description of j and 3 g . x due to [FFllF]. Let L G be the algebraic 
group of adjoint type whose Lie algebra is the Langlands dual to g. Denote by 0^l G {D x ) the 
affine scheme of L G-opers on the disc D x = Spec(O x ). These are triples (J, 3\b, V), where J 
is a L G-torsor over 25a,, 5F B is its reduction to a fixed Borel subgroup L B C L G and V is a 
connection on 3" (automatically flat) such that $b and V are in a special relative position (see, 
e -g-i IE] f° r details). 

There exists an affine D^-scheme J(Oplq(X)) of jets of opers on X, whose fiber at x £ X 
is OpL G (D x ) (see BD , Sect. 3.3.3), and so the corresponding sheaf of algebras of functions 
Fun ( J(Opt G (X))) on X is a commutative chiral algebra. (In what follows, Fun(^) stands for 
the ring of regular functions on a scheme y.) 

The canonical topological algebra associated to Fun (J(OpL G (X))) at the point x is nothing 
but the topological algebra of functions on the ind-aflme space Opz, G (D*) of L G-opers on the 
punctured disc 23* = Spec(Xc), where 3C X is the field of fractions of 0^. The following was 
established in [FFIIf): 

Theorem 3.4. 

(1) There exists a canonical isomorphism of Dx -algebras 

3 B ^Fun(J(Opz, G (X))). 

In particular, we have an isomorphism of commutative algebras i s ^ x ~ Fun (OpL G (2) x )) and of 
commutative topological algebras 3 B ,x — Fun (Op£ G (2)* )). 

(2) On the associated graded level, we have a commutative diagram of isomorphisms: 

gr(Fun(Op, G (2) x ))) 

1 

Fun(( L g/ L G) x Gm T(D x ,Q x )) , 



?r(3 fl ,z) 



Fun 



I 

(y x Gm rCD x ,n x )f {0 * } 



where L g/ L G = Spec(Fun( L g) I ' G ). 
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Note that in the lower left corner of the above commutative diagram we have used the 
identification gr(Y B , cr it) ^ Sym ® (3C X /0 X )J ~ Fun (g* x Gm T(T) x ,Qx)), and 

S */G ~ t)*/W ~ L rj/W ~ L 0/ L G. 

3.5. To proceed we need to recall some more material from |CHA| about commutative D- 
algebras (which, according to our conventions, we do not distinguish them from commutative 
chiral algebras). 

If 23 is a commutative D^-algebra, consider the 23-modulc SI 1 (23) of (relative with respect to 
X) differentials on 23, i.e., SI 1 (23) ~ where I B is the kernel of the product 23 ® 23 — > 23. 

Ox 

From now on we will assume that 23 is finitely generated as a Dx-algebia; in this case ri 1 (23) 
is finitely generated as a 23 eg) Dx-module. 

Recall that geometric points of the scheme Spec^^) (resp., of the ind-scheme Spec(23;c)) are 
the same as horizontal sections of Spec(23) over the formal disc D x (resp., the formal punctured 
disc 2)*), see |CHA| . Sect. 2.4.9. Let us explain the geometric meaning of fi 1 (23) in terms of 
these identifications. 

Let z be a point of Spec(23a;), corresponding to a horizontal section (j> z : X — > 23^. Evidently, 
we have: 0*(ri 1 (23)) a; ~ T*(Spec(23a;)), where T* denotes the cotangent space at z. 
From the definition of 23^ we obtain a map 

(3.1) i/^(D x x , 0:^(23))) ^T;(Spec(23 a .)). 

(Since the D-module ^*(il 1 (23)) on D x is finitely generated, its de Rham cohomology over the 
formal and formal punctures disc makes obvious sense.) One can show that the map of l|3.1(l is 
actually an isomorphism. 

From the short exact sequence 

(3.2) - H^CD^^CB))) - H° DR {V*, ^(^(3))) - ^(S))* - 0, 
we obtain also an identification 

i/o fl (o;(fi 1 (23)))^iv;(s :c ), 

where N*(H X ) denotes the conormal to Spec(23a;) inside Spec(23a;) at the point z. 

Assume now that 23 is smooth (see ICHAj . Sect. 2.3.15 for the definition of smoothness). In 
this case ri 1 (23) is a finitely generated projective 23 eg) Dx-module. 
Consider the dual of fi 1 (23), i.e., 

6(23) := Hom S8Dx (^(23), 23 ® D x ) . 

This is a central 23-module, called the tangent module to 23. Moreover, 0(23) carries a canonical 
structure of Lie-* algebroid over 23 (see below). Evidently, 0(23) is also projective and finitely 
generated as a 23 ® Dx-module. 

By dualizing the members of the short exact sequence (|3.2ll . we obtain the identifications 
(cf. PEI, Sect. 2.5.21): 

H° fl (D x ,^(e(I3)))~r,(Spec(13 x )), tf° fl (2^,0:(0(23))) ~T z {Spec(^ x )), 
and ^(6(23)), ~N Z (B X ). 

The next definition will be needed in Sect. |H1 Let 2 denote the kernel 23^ — » H x . The 
quotient J/2 2 is a topological module over 23^,, and the normal bundle, N(15 x ), to Spec(23.r) 
inside Spec (23.,,) can always be defined as the group ind-scheme Spec(Sym s (2/2 2 )). Let now 
£ C N("B X ) be a group ind-subscheme, and let fi- 1 be its annihilator in 2/2 2 . 



10 



EDWARD FRENKEL AND DENNIS GAITSGORY 



We introduce the subcategory 23^-mode inside the category CB^-mod of all chiral 23-modules 
supported at x by imposing the following two conditions: 

(1) We require that a module M, viewed as a quasicohcrcnt sheaf on Spec(®a;), is supported on 
the formal neighborhood of Spec^z). In particular, M acquires a canonical increasing filtration 
M = U Mi, where Mi C M is the submodule consisting of sections annihilated by T. 

i>l 

(2) We require that the natural map 3/3 2 <g> M 1+ i/M t Mi/Mi_i vanish on g- 1 c 3/3 2 . 
Note that the category S^-mode is in general not abelian. 

3.6. Let us now recall the notion of Lie-* algebroid over a commutative Dx algebra 23 (cf. 
EH], Sect. 2.5). 

Let L be a central B-module. A structure of a Lie-* algebroid over 23 on L is the data of 
a Lie-* bracket L IE L — > Ai(L) and an action map L S 23 — > Ai(23), which satisfy the natural 
compatibility conditions given in |CHA| . Sect. 1.4.11 and 2.5.16. 

If 23 is smooth, then 9(23) is well-defined, and it carries a canonical structure of Lie-* 
algebroid over 23. It is universal in the sense that for any Lie-* algebroid L, its action on 23 
factors through a canonical map of Lie-* algebroids zu : L — > 8(23), called the anchor map. 

Recall now that a structure on 23 of chiral-Poisson (or, coisson, in the terminology of CHA ) 
algebra is a Lie-* bracket (called chiral-Poisson bracket) 23 B23 — > Ai(23), satisfying the Leibniz 
rule with respect to the multiplication on 23 (cf. [CHA] . Sect. 1.4.18 and 2.6.). 

If 23 is a chiral-Poisson algebra, 1 (23) acquires a unique structure of Lie-* algebroid, such 
that the de Rham differential d : 23 -> ^(23) is a map of Lie-* algebras, and the composition 

23 m 23 ^ f^(23) M 23 A,(23) 

coincides with the chiral-Poisson bracket. 

Following CH2], Sect. 2.6.6, we call a chiral-Poisson structure on 23 elliptic if (a) 23 is 
smooth, (b) the anchor map w : fi 1 (23) — » 6(23) is injective, and (c) coker(tn) is a projective 
23-module of finite rank. 

3.7. Finally, let us recall the definition of the chiral-Poisson structure on i a . Consider the flat 
C[[fi]]-family of chiral algebras A g ^n, corresponding to the pairing = n cr it + H ■ kq, where kq 
is an arbitrary fixed non-zero invariant inner product. 

For two sections a, b £ j B , consider two arbitrary sections an, bn 6 -Ag,fi, whose values modulo 
H are a and b respectively, and consider [an, bn] S A\(A Bi n). By assumption, the last expression 
vanishes modulo h. Therefore the section j^[an,bn] € A\(A gy n) is well-defined. Moreover, its 
value mod H does not depend on the choice of an and bn- 

Therefore we obtain a map 

a,b£} B h-> ^[an,bn] mod H G A\(A StCr it), 

and it is easy to see that its image belongs to Ai(3 fl ). Furthermore, it is straightforward to 
verify that the resulting map j fl Klj B — > A\($ g ) satisfies the axioms of the chiral-Poisson bracket, 
see |(TFTA1 . Sect. 2.7.1. 

Let us now describe in terms of Theorem l3 .41 above the Lie-* algebroid fi 1 (3 B ), resulting from 
the chiral-Poisson structure on 3 B . 

First, recall from jCHAj . Sect. 2.4.11, that if M is a central module over a commutative 
chiral algebra 23, then we can form a topological module, denoted /i®(M) over 23^. Applying 
this construction to 23 = j B and M = f^ 1 (3 B ) we obtain a topological Lie-* algebroid Scrit := 
hi'i^Hh)) ( see EMj, Sect. 2.5.18 for details). 
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Let now $ x be the universal L G-torsor over OpL G (Da;), whose fiber over a given oper 
(5, 5b, V) G OpL G (D x ) is the L G-torsor of horizontal sections of 5, or, equivalently, the fiber 
of 5 at x G D x . Let us denote by L 9op the corresponding Atiyah algebroid over OpL G (D. x ), 
which by definition consists of L G-invariant vector fields on the total space of $ x . We have a 
short exact sequence 

-» ( L fl)». -» L So P -» T (Op iG (D x )) -» 0, 

where T(Opi G (D x )) denotes the tangent algebroid, and { l q)$ x , which is the kernel of the 
anchor map, is the twist of the adjoint representation by the ^G-torsor $ x . 

The following was established in |BD) . Theorem 3.6.7 (see also |CHA) . Sect. 2.6.8), using 
the fact that the isomorphism of Dx-algebras, given by Theorem I3.4f 1) ■ respects the chiral- 
Poisson structures on both sides, where J(Opi G (X)) acquires a chiral-Poisson structure by its 
realization via the Drinfcld-Sokolov reduction. 

Theorem 3.8. 

(1) The chiral-Poisson structure on 3 B is elliptic. 

(2) Under the isomorphism Spec(3 0lX ) ~ Oplq(D x ), the algebroid Scrit corresponds to the 
algebroid L Sop- 

4. The renormalized chiral algebra 

4.1. We will now refine the structure of chiral-Poisson algebra on 3 B and obtain a chiral version 
of the renormalized universal enveloping algebra at the critical level introduced in BD . 

First, we introduce a Lie-* algebra A\, which fits in a short exact sequence 

► Ag^crit '' Ag > 3g ► 0. 

Namely, in the family of chiral algebras A Sl ti consider the following subspace A. n , which 
contains A S: n and is contained in 4 • Ag.n'- 

A \.K = { r I a 6 a m0cl ^ E 3b1- 

Define A s as A g h /H ■ A g ,n- By repeating the construction of the chiral-Poisson structure on j B 

from Sect. 13.71 we obtain a Lie-* algebra structure on A g . 
Note that the composition 

h ®A 3 ®A\ -A,(4) 

factors as 3 B M A\ — ■> j B IEI j B — > At(3 B ), where the last arrow is chiral-Poisson bracket on 3 B . 

Proposition 4.2. There exist a unique Lie-* algebroid A B over j B , which fits into the following 
commutative diagram: 

► A 5 , cHt /i s > A\ ► n 1 ^) > 

> Ag yCr it > A g > 3 B > 0. 

In the above diagram the rows are exact, and the rightmost vertical map is the de Rham differ- 
ential 3 B — > 51 1 (3 B ). 
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Proof. Recall the following general construction. Let L be a Lie-* algebra acting on a commu- 
tative chiral algebra 23. Then we can form a central 23-module Inds(L) :— 23 <8> L, which will 
carry a natural structure of Lie-* algebroid over 23. This is analogous to the usual construction 
in differential geometry, when we have a Lie-* algebra [ acting on a manifold ^ and we form 
the algebroid Oy ® t. 

By taking 23 = 3 B and L — A g /^ g , we thus obtain a Lie-* algebroid lnd 3B (,A B /3 B ) on j B . We 
have a short exact sequence 

-» 3 fl ® (A&critha) -> Ind 3B {A\lla) ~> h ® 3 B -> 0. 

To obtain from Ind 3ti (-4 B /3 ) the desired extension A., we need to take the quotient by two 
kinds of relations. First, we must pass from 3 B (g) (A gtCr it/i g ) to just A gtCr it/l g , using the 
structure of 3 B -module on A gtCr it- Secondly, we must impose the Leibniz rule to pass from the 
free 3 B -module j B <E)} g to J7 1 (3 B ). We will impose these two relations simultaneously. 
Consider the following three maps A g ® A g —* Ind 3g (Ag/$ g ): 

(1) The first map is the projection A g ® A g — > 3 B ® (A e /$ g ). 

(2) The second map is the projection A\ A\ — > [A g /} g ) ® 3 B ~ 3 B ® (A B /3 B ). 

(3) To define the third map, note that chiral bracket on A 0t n, multiplied by H, induces a map 
j*j*{A\ H A g ) -> Ai(A B ). Composing the latter with the projection Ai(.A B ) -> Ai(A g /3g), 
we obtain a map that vanishes on A fl Kl A B C j*j*(A B ^ A g ), thereby giving rise to a map 
A-B ® -Afl ~* 3b ® (*^b/3b)' 

By taking the linear combination of these three maps, namely (l)-(2)-(3), we obtain a new 
map A g (g> A g — ► 3 B ® (A B /3 B ). We define A g as the quotient of Ind 3o (-A B /3 B ) by the 3 B -module, 
generated by the image of the latter map. 

One checks in a straightforward way that the Lie-* bracket on Ind 3B (A g /$ g ) descends to a 
Lie-* bracket on A g , so that it becomes a Lie-* algebroid over j B . Moreover, by construction, 
we have a short exact sequence 

o ^ (A g , crit /} g y ^ ^ -> n 1 ^) -> o, 

where (A BjCr it/3 8 )' is a quotient of Ag iCri t/3 g . Let us show that .A BiCr it/3 fl —> (^g,crit/3g)' is an 
isomorphism. 

Observe that the Lie-* algebra A\ acts on A B)Cr jt- This action gives rise to an action of the 
Lie-* algebroid Ind 3 g (A g /$ g ) on A g , cr it, which is compatible with the 3 B -module structure on 
Ag.crit, and, moreover, it descends to an action of the algebroid A g on A B}Cr it. 

The resulting Lie-* action of A g ^ cr n on A BiC Ht obtained via 

A g ^ cr it w {A g . cr it I % g ) c * Ag 

coincides with the initial Lie-* action of A g%cr n on itself. By the definition of the center, the 
kernel of the latter action is exactly 3 B . 

□ 

4.3. Let us now introduce a category of modules over A , which will be of interest for us. 

First, note that the action of A g on A fl)Cr jt, introduced in the course of the proof of Propo- 
sition is compatible in the natural sense with the chiral bracket on A g ^ cr it- 
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We define Tig-mod to have as objects M E .Ag^ri*- mod, endowed with an additional action 
of the Lie-* algebroid A g (see |CHA) . Sect. 2.5.16 and 1.4.12 for the definition of the latter), 
such that 

(a) As a chiral module over 3 fl (via 3 fl A g , cr i t ), M is central. 

(b) The two induced Lie-* actions (Ag^rit/ie) ^ -M- ~~* Ai(3VC) (one coming from the ./l -action, 
and the other from the ^l fljCr i t -action and point (a) above) coincide. 

(c) The chiral action of A SyCr u and the Lie-* action of A g on M are compatible with the Lie-* 
action of A g on A B ^ cr n. 

One can show that the category A g -mod is tautologically equivalent to the category of 
(discrete) modules over the renormalized universal enveloping algebra introduced in |BD| . Sect. 
5.6.1. 

For example, it is easy to see that if is a flat <C[[fi]] -family of chiral yi g ^-modules such 
that the chiral 3 -module M := M/fiM is central, then this M is naturally an object of .Ag-mod. 

4.4. In addition to the notion of a Lie-* algebroid there is also the notion of a chiral Lie 
algebroid over a commutative chiral algebra 53, see ('HA . Sect. 3.9.6. A Lie-* algebra L is 
called a chiral Lie algebroid over 53 if we are given: 

(1) An action L M 13 — > Ai(53) of L as a Lie-* algebra on the commutative chiral algebra 13, 

(2) A chiral action j*j* (53 IE L) — > Ai(L), compatible with the action of L on 53 and the bracket 
on L. 

(3) A map r\ : 53 — > L, compatible with both the 53- and L-actions, 
such that the following conditions are satisfied: 

(a) The action in (1) is 53-linear, in the sense that the two natural maps j*j*(53KIL)K153 — > Ai(53) 
on X 3 coincide, 

(b) The map L M 53 ^? L K L -> A,(L) equals the negative of 53 <-+ j*j*(53K J L) -> Aj(i), 

Note that if for a chiral Lie algebroid L as above, the data of r\ is zero, we retrieve the notion 
of Lie-* algebroid. In most examples, however, the map r\ is an injection. In this case, the data 
of (1) is completely determined by (2) and (3), and condition (a) is superfluous. 

It would be interesting to find out whether there exists a chiral Lie algebroid A r s en over 3 fl , 
which is an extension 

► A B , cr u > A s en ► Q^fag) ► 0, 

such that the map Ag — > A g lifts to a map A\ — > >lg en . 

However, we do not know how to construct such an object. Instead, we will construct 
another chiral Lie algebroid A r g en ' d , which is, in some sense, a double of AZ en . The construction 
of A g en ' d below is in terms of generators and relations. In the next section we will give a natural 
construction of A g en ' d via chiral differential operators on the group G. 

Consider the Lie-* algebra A g equal to 




where the map % g — > 3 fl x j B is the anti-diagonal, i.e., (id, — id). It fits into a short exact sequence 

* A g ^ cr it X A g , cr it ► A^ > 3g * 0- 
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Proposition 4.5. There exist a unique chiral algebroid A r B n ' d over j B , which fits into the 
following commutative diagram with exact rows: 

► (Ag, cr it x ^lg,er'it)/3a > Ag ' > ^(3fl) * 

i i i 

> Ag^crit X A.g, Cr it ► Ag > > 0, 

where j g =— > A s _ cr u x ^4 B:CT -it is i/ie anti-diagonal embedding. 

Proof. Let L be a Lie-* algebra acting on a commutative chiral algebra 23, as in the proof 
of Proposition 14.21 Then, following CHA], Sect. 3.9.9, one constructs a chiral Lie algebroid 
Ind'B(i), which fits into a short exact sequence 

-> B -> Ind 3 (£) -> Inds (L) -> 0. 

Indeed, consider the D-modules j*j*(23 Kl L) and Ai(23) on X x X . We have the maps 

j*.f (23 B L) <- 2 m L -> Ai(S), 

where the left arrow is the natural inclusion, and the right arrow is the negative of the Lie-* 
action. Then the quotient (i*J*(B ML)® A|(B))/23 K L is supported on the diagonal, and 
therefore corresponds to a D-module on X, which is by definition our Ind^ (L). By construction, 
we have the inclusions 77 : 53 >• Inds(i) and L — > Ind-g^), and a chiral action j*j*(23 IE L) — > 
A|(Inds(L)). It is a straightforward verification to show that these data extend uniquely to 
a Lie-* algebra structure on Inds(L) and a chiral action of 23 on Inds(L), which satisfy the 
conditions of chiral Lie algebroid. 

Let us view Ag d as a Lie-* algebra, which acts on j g via Ag d — > j g and the chiral-Poisson 
bracket on 3 fl . Consider the chiral Lie algebroid Ind 3tj (Ag' d ). As in the case of A g (see the proof 

of Proposition ^. 2(1 . to obtain from Ind 3o (Ag d ) the desired chiral algebroid A r s en ' d , we must take 
the quotient by some additional relations. 

The first set of relations is that we must identify the three copies of 3 B inside Ind 3o (Ag d ). 
One copy is the image of the canonical embedding 3 fl Ind 3fi (Ag d ) coming from the definition 
of the induced algebroid. The other two copies come from 3 fl x j B C Ag d Ind 3(i (Ag d ). When 
we identify them, we obtain a new chiral algebroid over j B which we denote by Ind^ (Ag d ). 

The second set of relations is similar to what we had in the case of A g : they amount to killing 
the chiral 3 B -submodule generated by the image of a certain map A s ' d ® A B ' d — » lnd' ia (A g ' d ). 
To construct this map, we consider three morphisms from the D-module j*j*(A B HI Ag d ) to 
A,(Ind 3e (< d )): 

(1) The first map is j*j*(Ag d M Ag d ) -> j*j*(ig ® A B ' d ) -> A,(Ind 2o (A g ' d )), where the first 
arrow comes from the natural projection Ag — > 3 B . 

(2) The second map is obtained from the first one by interchanging the roles of the factors in 
j*j*(Ai> d MAi- d ). 

(3) To construct the third map, note that the chiral bracket on A g ^ gives rise to a map 

fi • ({; •}, -{•, •}) : MAY) "> M^Y), 

and we compose it with the canonical map A\(aY) — ► Ai(Ind 2o (AY))- 
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Consider the linear combination (l)-(2)-(3) of the above three maps as a new map from 
j*j*(Al' d ^A B ' d ) to Ai(Ind 3B (.Ag' d )). It is easy to see that the composition 

A^MAY - ®AY) - A,(Ind 3e « d )) - Ind;^) 

vanishes. Thus, we obtain the desired map A^ d ®A g ' d -> Ind 3o (^' d ). We define ^ en ' d as the 
quotient of Ind 3B (A g ' d ) by the chiral 3 B -module, generated by the image of this map. 

By construction, A r g en ' d is a chiral 3 fl -module. One readily checks that the Lie-* bracket 
on Ind 3e (j4g d ) descends to a Lie-* bracket on A g en ' d , such that, together with the map 3 8 — > 
Ind 3s (A g d ) — > yig e ™' d , these data define on ./lg en ' d a structure of chiral Lie algebroid over 3 fl . 

As in the case of ,A g , we have a short exact sequence 

► ((^l BiCr it x A gjCr i{)/3 fl ) ► j4g en,<i > r2 1 (3 g ) ► 0, 
where ((A g . cr it x A 3jCr it)/i s )' 1S a certain quotient of {A g , C rit x -A B ,crit)/3g- Let us show that 

(4.1) (Ag :Cr it X Ag^ cr it) /$g ► ((•Ag,crit X -Ag,crit)/3£|) 

is in fact an isomorphism. 

Let A g ' d be the Lie-* algebroid over 3 fl equal to A g ' d /$ g . We have a surjection 

(4-2) (AfccKt/j 9 ) x (^..crit/j.) -» ker (.A^ fijj . 

As in the case of A g , we show that A g ' d acts naturally on the chiral algebra A SfCr n ®A fliCr ^. 

This implies that the map of (|4.2(l is an isomorphism. 

Thus, it remains to show that the canonical map 3 B — > A 7 g en ' is injective. If it were not so, 
the ideal ker(3 g — > ./lg e "' <i ) would be stable under the chiral-Poisson bracket on 3 g . However, 
this is impossible, since the above chiral-Poisson structure is elliptic by Theorem 13. 8f l). 

We remark that the isomorphism of 1|4.1|) can be alternatively deduced from Theorem 15.41 
below. 

□ 

4.6. Let A g ' d be the Lie-* algebroid introduced in the proof of Proposition 14. 51 

We introduce the category ,A fl ' d - mod in a way analogous to A b B -mod. Namely, the objects of 
yi fl ' d -mod are modules over the chiral algebra A g cr u (8> A g cr u (supported at x £ X) equipped 

with an extra Lie-* action of the Lie-* algebroid A b g d such that the conditions, analogous to 
(a), (b) and (c) in the definition of yi fl -mod, hold. 

Next, we will introduce an appropriate category of chiral modules over A r g en ' d . First, recall 
from |CHAj . Sect. 3.9.24, the notion of chiral module over a chiral Lie algebroid. 

If L is a chiral algebroid over a commutative D^-algebra 23, there exists a canonical chiral 
algebra £/(23, L), such the category of chiral modules over L (regarded as a chiral algebroid) is 
equivalent to the category of chiral modules over £/(23, L) as a chiral algebra. 

Now let us introduce the category A g en ' d -mod. By definition, its objects are, as before, 
D-modules MonX supported at x equipped with 

(1) An action of the chiral algebra A g ^ cr it <8> A BiCr it, 

is 

(2) An action of the chiral algebroid A g en ' d , 

such that the two induced chiral brackets j*j* ((A g . cr i t x A BtCr it/} g ) Kl M) — ► Ai(M) coincide. 
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Observe that one can reformulate the definition of A r g en ' d -mod as modules (supported at 
x G X) over a certain chiral algebra. Namely, let U ren ' d (L Bcrit ) be the quotient of the chiral 
algebra U($ g , A B en ' d ) by the following relation: 

We have a map U((A B . cr i t xA StCr it)/ig) ~~ * U(} B ,A r B n :d ) coming from the embedding of Lie-* 
algebras (A B ^ rit x A a , crit )/l s — > A r g en ' . In addition, we have a map U((A gjCrit x A B}Crit )/$ 3 ) — ► 
A gtCr it ®A sfir it- We need to kill the ideal in U(} B ,A B en ' d ) generated by the image of the kernel 

of the latter map. 

We define a PBW-type filtration on U ren > d (L BtCrit ), by setting F° {U ren < d {L B . cnt )) to be the 
image of A BtCr i t ®A B ^ cr i t , and by requiring inductively that F l+1 (U ren ' d (L B , crit )) is the smallest 

3b 

-Dx-submodulc such that 

Uf (U ren ' d (L B . crlt ))) - A, (F l+1 (U ren ' d (L B . cnt ))) and 

3*3* [iA a , crit ® A 3 , crit ) B F l+1 (U ren ' d (L B , cnt ))^j A, (£/ re "< d (L fl , c „ t ))) . 

In this case we automatically have also: 

We have a natural surjection on the associated graded level: 

(4.3) {A B , crit ®A SiCrit ) <g> Sym^O 1 ^)) -» gr (t/ re "' d (£ ,c„*)) . 

From |CHA| . Theorem 3.9.12 it follows that this map is an isomorphism. 

4.7. Let now r be an automorphism of 3 B as a chiral-Poisson algebra. We can form the Lie-* 
algebra 

■^s' T := (■^8 x ^s) x ^0 ' 

30 x 3o 

where the map 3 B — * 3 B x 3 B is now (id, — r). 

Repeating the construction of Proposition ^. 51 we obtain a chiral algebroid A B en ' T , which fits 
in a short exact sequence 

► (A B ^ cr it x A ByCr it) /i B ► A 7 B n,T > f2 (jg) > 0, 

where 3 B is embedded into .A B ,crii x A BtCr it also via (id, — t). 

We will denote by A B ' r the Lie-* algebroid on 3 B equal to the quotient A r B en ' T /i B . Finally, in 
a way similar to the above, we introduce the corresponding categories of modules, ,A B T -mod 
and .A B en ' r -mod, and the chiral algebra U ren ' T (L BtC rit)- 

Note, however, that according to |JjD| (and which something that we will have to use later), 
every automorphism of 3 B , respecting the chiral-Poisson structure, comes from an outer au- 
tomorphism of g. This implies that, as abstract algebroids, A r g en ' T and A B en ' d are, in fact, 
isomorphic. 
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5. Chiral differential operators at the critical level 

5.1. Recall that Dg,k denotes the chiral algebra of differential operators on the group G at 
level k (see |AG| ) . and t, t are the two embeddings 

Ag^ft * ^G.K * ■^■Q.2K cr it — K • 

Recall that if M is a Lie-* module over a Lie-* algebra L, the centralizer of L is the maximal 
D-submodule M' C M such that the Lie-* bracket LBM'^ A|(M) vanishes. 

Lemma 5.2. The centralizer of l(A g K ) inDQ_ K equals x{A s ^k ct u-k)- Conversely, the central- 
izer of t(yi B) 2« erit _ re ) equals l(A BiK ). 

Proof. The inclusion of l(A B . K ) into the centralizer of x(A gt 2K crit -K) is just the fact that the 
images of [ and r Lie-* commute with each other. The fact that this inclusion is an equality is 
established as follows. Let $ K be the affine Kac-Moody algebra corresponding to a point x G X. 
The fiber A 5 _ KtX of A B}K at a; is a § K -module, equal to the vacuum module V fljK . 

Denote by ®g,k,x the fiber of 3g K at x. This is a module over g K x 02K Crrt -K- Recall that 
as § K -module, T>g,k,x is the induced module 

g(O x )©Cl V V v ')) 

Moreover, the commuting right action of g(0 x ) C Q2 Kcrit -K comes by transport of structure 
from the right action of fl(O x ) on Fun \ G(0 X ) \ . In other words, as a right ^(O^-module, 

Ind J(5,)®ci ( Fun ( G ( 5 -))) ~ U (* ® t^Clt- 1 }) ® Fun (g(0 x )) , 

where g(0 x ) acts through the second factor and t is a uniformizer in 0^. At the level of fibers, 
the embedding I is just the natural embedding 

V *» * Ind B(5,)e C1 ( C ) "> Ind k,eci K ( G (^))) 

corresponding to the unit C — > Fun (g(O x )J . We have to show that V BiK C 3g.k,i equals 

(Sg,b,i) 8 ' 0i 'i for g(0 x ) C §2K <:rit -K- But this immediately follows from the above description 
of T>g, k ,x as a £|(O x )-module. 

To finish the proof, observe that the roles of [ and r in the definition of Qg,k are symmetric, 

and in particular, £>g,k, x is isomorphic to Ind^-"*^ (Fun (G(O x fj) as a fl(O x ) x §2 Kmt - K - 
module. Indeed, we have a map from the latter to the former, by the definition of the induction, 
and this is map is clearly an isomorphism at the level of associate graded spaces, by the PBW 
theorem. 

□ 

Now we specialize to n = K cr it- Then I and r are two different embeddings of A BtCr u into 
®G,crit- Lemma 15.21 implies the following: 

Corollary 5.3. [(3 ) = l(A SiCrit ) n t(A 3>crit ) = t($ B ). 

Let r be the involution of the Dynkin diagram of g, which sends a weight A to — Wq(X). We 
lift t to an outer automorphism of g, and it gives rise to a canonically defined involution of 3 B , 
which we will also denote by r. 



18 



EDWARD FRENKEL AND DENNIS GAITSGORY 



Theorem 5.4. The two compositions j B > A B ^ cr it — ► ^G,crit and 3g c— * ^g.crit — ► cr it are 
intertwined by the automorphism r : 3 B — > 3 B . 

We /iaue an embedding of the chiral algebroid A B en,T into i Sg,ctU such that the maps I and r 
are ifte compositions of this embedding and the canonical maps 

Ag^crit ^ (A^^crit X •Ag,crii)/3g * ^-g 

TTiis embedding extends to a homomorphism of chiral algebras U ren,T (L g crit ) — ► ^G,crit- 
The rest of this section is devoted to the proof of this theorem. 

5.5. The first step will be to construct a map 

i/> : n 1 ^) ->■ Q G ,crtt/(l(A g , c „ t ) + v(A BtCrit )). 

Note that if M is a central module over a commutative chiral algebra 23, we have a 
naturally defined notion of derivation 23 — > M, which amounts to a map of 23-modulcs 
fi 1 (13) — ► M. We take 23 = 3 B , and M to be the centralizer of 3 B in the chiral 3 B -module 
^>G,crit/ (K-A s ,crit) + t(-4 8)C rit))- Thus, we need to construct a map 

3g > ^G,crit/ (K"^-0,crit) + ^(•^•g,ci-<t)) > 

whose image Lie-* commutes with a fl , and which satisfies the Leibniz rule. 

By letting the level k vary in the C[ [H]] -family kk, wc obtain a flat C[[fi]]-family of chiral 
algebras ®G,h- Note that the map [ extends to a map [ R : A B fi —* £>G,fi, whereas the map 
r gives rise to a map t R : A B -n — ► ^Gfi (the negative appears due to the sign inversion in 

Let a be an element of j B , and choose elements a' n £ A B ^ and a"_ h £ A Bt _fi, which map to a 
mod fi. Consider the element tft(a^) — tft(a" fi ) £ T>G,fr- By definition, it vanishes mod fi; hence 
we obtain an element 

hja'n) - ruja'U) 

mod h £ D G . C rit 

H 

which is well-defined modulo l(A SlC rit) + *(A BiC rit)- This defines the required map. The fact 
that it is a derivation is a straightforward verification. 

Note that the chiral bracket on ®G,crit gives rise to a well-defined Lie-* bracket 

3 fl M ( l D G ,crit/ {K A a,crit) + t(A giCrit ))) -> A, (D G ,crit) , 

where j B is thought of as embedded into DG,crit via 3 B A BiC rit — ► ®G,crit- 
Lemma 5.6. TTie composition 

3 B Bl fi 1 ^) ^ 3 B Bl (D G ,cHt/ (KAl.crit) + t(A BiCrit ))) -» A| (S) G ,cr«) 

factors as j B Kl il 1 (3 B ) — > Aj(3 B ) — > Ai (Dccrit), w/iere f/ie /irst arrow is the chiral- Pois son 
structure on 3 B . .4 similar assertion holds for % B mapping to D G ,crit via r. 

Proof. For two sections a, 6 e 3 B , and a' h , a"_ n as above, we have 

[i h {a' h ) - xn(a'U), k(b h )} = [fe(a' fi ), [ ft (6 R )] - [ R ([a' R , 6 ft ]), 

because the images of I R and Lie-* commute in i Dg,H- Hence, the assertion follows from the 
definition of the chiral-Poisson structure on 3 B . 

□ 
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5.7. Since the images of 3 in Ttc.crit under [ and r coincide, we obtain that there exists an 
automorphism t' of j fl , as a commutative chiral algebra such that l\ } = r| 3 or'. Our goal now 
is to show that r' = r. 

Lemma 15.61 implies that r' is in fact an automorphism of 3 S as a chiral-Poisson algebra. 
According to Proposition 3.5.13 and Theorem 3.6.7 of |BD| . the chiral-Poisson structure on 
3 B is rigid, i.e., its group of automorphisms equals the group of automorphisms of the Dynkin 
diagram of 0. 

Therefore, in order to prove that r' = r, it suffices to show, that the two automorphisms 
coincide at the associate graded level. Recall that if C is a commutative Ox-algebra, #(C) 
denotes the corresponding commutative chiral algebra, obtained by the jet construction from C 
(see |CHA| . Sect. 2.3.2). Recall that the chiral algebras A 0yK and ®G,crit are naturally filtered 
(see |CHA| . Sect. 3.7.13 and 3.9.11), and we have: 

gr(A s , K ) ~ 3 (Sym( ® uj^ 1 )) ~ 3 (Fun (g* x Gm u x )) 

and 

gr(£ G , K ) ~ 3{0 G ® Ox) ® 3 (Sym( ® a;®" 1 )) ~ 3 (Fun (T*G x Gm Wjc )) . 
so that the maps gr(l) and gr(r) come from the (moment) maps T*G =4 g* corresponding to 
the action of g on G by left and right translation, respectively. 
Moreover, 

gr( 3fl ) - 3 (Sym( ® ^f) a 3 (Fun ( fl */G x Gm oj x )) . 
(This inclusion is, in fact, an equality, by Theorem I3.4f 2l.) Therefore, the required assertion 
follows from the fact that the two maps T*G =4 g* — > Q* /G differ by the automorphism r. 

5.8. To finish the proof of ThcorcmEl we will identify A r B en ' T with 

^ 1 (3 B ) x ®G,arit- 

3G, mt /(l(i,, CT ,.)+t(A„, c „ i )) 

Note that the construction of the map i\) gives in fact a map A g /fa — > T>G,crit- Indeed, a 
section of .Ag 1 " has a form < - an ^- n ' > for a' fi £ -Ag.ri, a" fi £ ,A 8i _ji, such that 

a! modh = —t(cl") mod H£$ g . 

We associate to it a section of T>G,crit equal to in ^ an ' >+ ^ n ^ a -^ _ 

In addition, ®G,crit is obviously a chiral 3 fl -module, so we obtain a map Ind 3 (Ag) — * 
®G,crit, and it is straightforward to check that the relations, defining A g en ' as a quotient of 
lnd H (A B > T ), hold. 

Finally, we obtain a homomorphism of chiral algebras U($ g ,A B e ' T ) — > ®c,criti and it is easy 
to see that it annihilates the ideal defining U ren ' T (L g , cr i t ) as a quotient of U($ g , A g en ' T ). 

6. The functor of global sections on the affine Grassmannian 

6.1. Let £)(3. cr i t -mod 1 m> be the category of chiral £) GiCr i t -modules supported at the point 
x G X, which are G^^-integrable with respect to the embedding r : A g ^ cr u — ► ®c.crit- 

Let J be a critically twisted D-module on Gr G , and Mg— the corresponding object of 
®G,crit~ mod G(0 *\ According to Theorem l2~5l 

(6.1) r(Gr G> 2) ~ Hom fl(S ^(C,M ? ) ~ Hom gcrit (V 8 , crit , M ? ), 

where My is regarded as a g CT . it -module via r, and V B)Crit ~ Ind 8 ^' (C) is the vacuum 
module, i.e., the fiber A Q cr it x of Aa, C rit at x. 



20 



EDWARD FRENKEL AND DENNIS GAITSGORY 



Recall that g cr it-mod denotes the category of all discrete § C rit-modules supported at x G X, 
and let Q C rit~ mod G ^° x ' be the subcategory of G(0 :c )-integrable modules. Obviously, V ByCr it 

belongs to Q cr it-va.od G ^ x \ but the main difficulty in the proof of Theorem 11.21 is that, in 
contrast to the negative or irrational level cases, V 8jCT .^ is not projective in this category. 

Let now Q cr it~ mod reg denote the subcategory of Q C rit~ mod consisting of modules, which are 

central (cf. |CHA| . Sect. 3.3.7) with respect to the action of j B . Let us denote by cr i t -mod G g Ox ' ) 

the intersection g cr i t - mod reg ng cr i t -mod G ^ 0x '. The module V BiCr it belongs to {j cr .i*-niod G g 0x ), 

but the modules from S)G, C rii-rnod G ^ 0x - ) , regarded as objects of g cr i t -mod G ^ 0x \ do not belong 
there. 

The following projectivity result is essentially due to BD (see Sect. [S] for the proof). 

Theorem 6.2. The module V gyCr it is a projective generator of the category g cr i t -mod G g 0x '' . In 
particular, the functor g cr it — mod G g 0x ^ — > Vect given by M i— > Hom Bcr . t (Y g . cr it, M), is exact. 

Consider the functors 

F : Q C rit- modfjf^ -> $ BtX -mod, M i-> Hom gcr . it (V fl , cr it,M), 
G : 3 , x -mod -> § cH t-mod G g 0x) , 2f h-> V BiCrit <8> J. 

3b, a 

Now Theorem 16 . 21 implies the following: 
Theorem 6.3. The functors F and G are mutually inverse equivalences of categories. 

By combining this theorem with Theorem 13.41 we obtain that the category cr jt - mod G g 0x - ) 
is equivalent to the category of quasicoherent sheaves on the scheme OpL G (D x ). 

6.4. Consider the functor v : 3g,x _ rnod — ► ig,x~ mod, which takes a 3g,x-niodule to its 
maximal submodule, scheme-theoretically supported on Spec(3 B)X ), i.e., for an object M G 
3 B ,z-mod, i ] (M) consists of elements annihilated by ker(3 B: x — > 3q,x)- We will denote by the 
same symbol v the corresponding functors 

flcrit- mod —> flcrit- modreg and fl crit -mod v cr .i t -mod rog ^ . 

According to formula Q6.ip . the functor of global sections T : D crit (Gr<3)-mod — > Vect can 

be viewed as a functor T>G,crit- mod G( - 0x ^ — > Vect given by M h Hom Bcr . t (V g ,crit, M). Since 
V fl]Cr it is supported on Spec(3 B . x ), we obtain that this functor factors as 

3VtW(M) ^Hom. G(5x) (V B , c „ t , * ! (M)). 

But according to Theorem l6.2l the second functor is exact. Therefore Theorem ll.2l is equivalent 
to the following: 

Theorem 6.5. The composition 

S G , c „ t -mod G(0x) ^g c „ t ~mod G(0x) -L c „ t -mod G g Ox) , 
where the first arrow is the forgetful functor corresponding to the embedding r, is exact. 
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6.6. Let 3fl,x _ modreg be the full subcategory of 3g,:r _ rnod, whose objects are those modules, 
which are set-theoretically supported on Specfjg^) C Spec(3g,z), i.e., modules supported on 

the formal neighborhood of Spec(3 Bj:r ). Let Q C rit~ modfgg, (resp., Q C rit~ mod ( ~g > ^) denote the 

corresponding full subcategory of g cr i t -mod (resp., cr i t -mod G ^ Ox - ) ). 

Let r : 3g,z _ mod — ► 3b,s — modfgg be the functor that attaches to a 3g,x-niodule its maximal 
submodule, which is supported on the formal neighborhood of Spec(3 fl]X ). In other words, for 
DVC G 3 g ,x~ mod, r (M) consists of all sections annihilated by some power of the ideal of Spec(3 Bj:c ) 
in Spec(3g,a;)- We will denote in the same way the corresponding functors 

cr j t -mod — > flcrit- modreg and c „ t -mod G(Ox) — » cr it- mod ~g 0x) . 
Clearly, v ~ v o v . 

Proposition 6.7. Every object JA G Q cr it-mod G<, °^ can be canonically decomposed as a direct 
sum M = M rTg © M non - rcg , where r(M™ g ) ~ M™ g and v (M non - rcg ) is supported away from 
Spec(3 fl:X ) C Spec(3 g ,a:)- 

Corollary 6.8. The functor v : jjc^-mod 1 x; — > flcrit ~ mod~g is exact. 

Proof, (of Proposition l6~7|) 

For an irreducible g-module V A with a dominant highest weight A G A + , let V A crit be the 

corresponding Weyl module in g crit -mod G ^ 0a= \ as defined in Sect. 12.61 in particular, V StC rit = 
Vg cr . it . Let y A C Spec(3g,ic) be the closed sub ind-scheme corresponding to the annihilating 
ideal of V A crit in 3 fl:X . In particular, y° = Spec(3 B , s ). 

By definition, every object in the category g cr it-mod G< - 0x ^ has a filtration whose successive 
quotients are generated by vectors, on which the subalgebra g <g> tC[[t\] C fl(O x ) acts trivially. 
In particular, such a subquotient is a quotient of V A crit for some A. Therefore, the support 

in Spec(3g,a;) of every object from g cr i t -mod G ^ ^ is contained in the union of the formal 
neighborhoods of y A for A G A + . 

Lemma 6.9. For A ^ 0, ^ A n Spec(3 Bj2; ) = 0. 

This lemma implies the proposition. Indeed, for M G g cr it _ rnod G '- 0x ' > we define M rcg to be 
direct summand of M supported on the formal neighbourhood of and M non " rcg to be the 
direct summand supported on the union of the formal neighborhoods of y A with A ^ 0. 

□ 

Proof, (of Lemma 16.9(1 

Recall the operator So given by formula ((2.3(1 . At the critical level this operator commutes 
with the action of Q C rit, i-e., it belongs to 3g,x- But according to formula 1(2.3(1 . So acts on 
V x C V A crit , and hence on the entire V A crit , by the scalar C g (A) equal to the value of the 
Casimir operator on V x . This scalar is zero for A = and non-zero for A ^ 0. This proves the 
lemma. 

□ 

6.10. Recall from Sect. 13.51 that if £ is a group ind-subscheme of the normal bundle N($ BtX ), 
we can introduce the subcategory 3g,x — 

mods, such that 
3g,:z-mod C 3g,x-mod £ C 3g,x-mod. 
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We define £ as follows. By Theorem l3.4f 1). the Djf-algebra 3 fl is non-canonically isomorphic 
to a free algebra. This implies, in particular, that the fiber <d(% g )x of 0(3 fl ) at x is locally free 
of countable rank over 3 B)X , and N(% BtX ) can be identified with the total space of the resulting 
vector bundle. 

Therefore, to specify a group ind-subscheme £ C N(i StX ) it would be sufficient to specify a 
3g.x-submodule in Q($q) x , which is locally a direct summand. Such a submodule is given by 
the image of the anchor map w : & {% g ) x — > 0($ g ) x ', it is locally a direct summand, as follows 
from Theorem I3.8IT ). 

For £ defined in this way, let us denote by Q cr it~ modg the subcategory of g cr it~mod whose 
objects are the g cr it-modules, such that the underlying chiral 3 B -module belongs to 3g,K~niod£. 
In Sect. El we will prove the following 

Theorem 6.11. The category fl C Ht~mod~g is contained in g cr it _ mod£. 
In other words, this theorem says that the inclusion 

£j c „ t -mod£ (0;E) := crit -mod G(O " ) ng c „ t -mod £ C fl c „ t -mod~^° x) 
is in fact an equivalence. 

6.12. The following remark was suggested by A. Beilinson: 

Let Spec(3 a ,a;,m.f.) be the smallest formal subscheme inside Spec(3 B , K ), which contains 
Spec(3 fl , x ), and which is preserved by the Poisson bracket. (The subscript "m. f." stands for 
"monodromy free".) Let 3g,:r-niod m .f. be the subcategory of 3g,K^niod consisiting of modules 
supported on Spec(3 fl ,:E,m.f.), and let § cr it-mod m .f. be the corresponding subcategory in 
Qcrit~ mod. Beilinson has suggested that the following strengthening of Theorem 16.111 might 
be true: 

Conjecture 6.13. The subcategory C rit~rnod i ~. is contained in g cr it ~mod m .f.. 

In other words, this conjecture says that any G(Oa;)-integrable g cr it-module, which is set- 
theoretically supported on Spec(3 B;K ), is supported on the formal subscheme Spec(3g,x,m.f.)- 

If we could prove this conjecture, the proof of Theorem 16.51 would have been more elegant, 
since instead of the obscure condition (2) in the definition of 3g,x _ niod£, we would work with 
a clearer geometric concept of support on a subscheme. 

6.14. Recall now the category Ag en ' T -mod, introduced in Sect. l4.6l and l4.7l We have a natural 
forgetful functor Ag en ' T ~mod — > Q C rit~ mod coming from the "right" copy of A giCr n in A r g n,T . 

Let yfg eTl ' T -mod G ^ 0a; ' ) (resp., A r s en,T -vaodfSg, A r g en,T -mods,, A r g en ' T -mod^S®^, etc.) be the 
preimages of the corresponding subcategories of Q cr it~ -mod under the above forgetful functor. 
Note, that by Theorem 16. Ill the inclusion 

A r n en ' T -mod? (0:c) ^A r n en ' T -mod~ (0:c) 

S t 8 reg 

is in fact an equivalence. 

It is easy to see that the functor v : 3j,a;~niod — > 3g.a: _ niod r -5g gives rise to a well-defined 

g -modrSg. 



functor v : .An en ' r -mod — ► A r „ en,T —vaod^„. In particular, the corresponding functor 



A r „ en > T -mod G{b * ] yi™"' T -mod~ (0l) 



is exact, by Corollary 16. 81 . 
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Recall now the Lie-* algebroid A B ' T and the corresponding category A B T -mod (see Sect. 14.61 
Sect. I4.7jl . We claim that the functor v : 3a,iE~niod — > i BX -mod gives rise to a functor from 
•Ag en ' r -mod to A^ B T -mod. 

Indeed, given an object M of the category .Ag e ™' T -mod, we consider it as a 3g,:r-module 
and take its maximal submodule v{JA) supported on Spec(3 fliX ). We consider i'(M) as a Lie-* 
module over A B en ' T . But now the Lie-* action of the diagonal 3 C (A B , cr itxA BjCr i t )/z B C A B en ' T 
will be zero. Therefore, the Lie-* action of A B en ' T on r (M) will factor through the action of 
the Lie-* algebra A b B T — A B en ' T /i B . Moreover, r(M) is clearly preserved by the chiral action of 
A s cr n (g>A B cr u, and these two structures make i ! (M) an object of the category .A g ' T -mod. By 

a slight abuse of notation, we denote the resulting functor A B en ' T -mod — » A a ' T - mod also by v. 

In the next section we will prove the following theorem, which can be regarded as a version 
of the Kashiwara theorem in the theory of D-modules. 

Theorem 6.15. The functor v : yig 6Tl ' T -mod£ — » .Ag T -mod is an equivalence of categories. 
In particular, it is exact. 

If we denote by A B ' T -mod a ^ ^ the corresponding subcategory of A B en ' T , we obtain that the 
functor 

A™' T -mDdf {0a) -> A% r -mod a( -° m) 
is also exact (and, in fact, an equivalence). 



6.16. We are now able to finish the proof of Theorem 16. 51 modulo Theorems 16. 1 II and 16. 151 

Recall from Theorem 15 .41 that we have a homomorphism of chiral algebras U ren ' T (L B , C rit) — » 
^G.crit- Hence, the forgetful functor T>a,crit-^oA — > g cr it-mod factors as 

®G,crit- mod -> .Ag e ™' T -mod -> § cri t-mod. 

We have a commutative diagram of functors 

A r 3 en ' T -mod G ^ — A B ' T -mod G ^ 

< 6 - 2 > 1 ^ 1 

C Ht-mod G(Ox) — - — > Q crit - mod^g ' x) , 

where the vertical arrows are the forgetful functors. 

Thus, to prove Theorem 16. 51 it is sufficient to show that the composition 

A r g en ' T ~mod G{d:c) X.A7™' T -modg° x) ~ A r s en > T ~mod G (0x) A^-mod ^^ 

is exact. But, as we have just seen, all the above arrows are exact functors. 

Our plan now is as follows. In the next section we will prove Theorem 16.151 and hence 
complete the proof of Theorems 16.51 and 11.21 modulo Theorems 16.21 and 16.111 These theorems 
will be proved simultaneously in Sect. Finally, in Sect.|H|we will prove that the functor of 
global sections, considered as a functor D CT .j t (Grc;)-mod — > .Ag-mod, is fully faithful. 
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7. Proof of Theorem 16.151 

7.1. Let us recall the setting of the original Kashiwara theorem. Let X be a smooth variety, 
and ! : ^ ^ 1 an embedding of a smooth closed subvariety. Consider the category Dx _ rnod 
of right D-modules on X, and its subcategory Dx - mody of right D-modules set-theoretically 
supported on y. Finally, consider the category Dy-mod of D-modules on y. 

We have the functor v : £>x~mody — > Oy-mod which sends a D-module M to its maximal 
Ox-submodule consisting of sections annihilated by the ideal of y. Then the resulting Ox- 
module naturally acquires a right action of the ring of differential operators on y, and so we 
obtain a functor v : Dx - rnody — > Dy-mod. Kashiwara's theorem asserts that this functor is 
an equivalence of categories. 

Our Theorem 16.151 should be regarded as a generalization of the above theorem, when the 
ring of differential operators is replaced by a certain algebroid (cf. Sect. 17.61 below L In the 
proof we will use the same argument as in the proof of the original Kashiwara theorem. 

7.2. We start by constructing a functor i\ : A g ' T -mod — > A g en ' T -mod£, which will be the left 
adjoint of v . 

Given an object IN in .Ag T -mod, we regard it as a Lie-* module over A r B en ' T , considered as a 
Lie-* algebra. Let Ind(N) denote the induced chiral cAg en,T -module (see |CHA| . Sect. 3.7.15), 
where A r g en ' T is again considered merely as a Lie-* algebra (and not as a chiral algebroid). 

Thus, Ind(IN) is a chiral module over the chiral universal enveloping algebra U(A g en ' T ). We 
have the surjections 

U(A™*) -» U( hl A r / n n -» U ren > T (L B}Crit ), 

and we set zj (IN") to be the (maximal) quotient of Ind(N), on which the action of U(A r g en ' T ) 
factors through an action of JJ ren,T (L g _ cr i t ), and for which the two maps 

3*3* \M a ,crit ®A g ^ rU ) ^'Nj -» A| (ti(>0) , 

one coming from the inital chiral action of A BtCr it <8> A BiCr it on IN, and the other from the 
homomorphism A BjC rit ® •^■g,crit ~ * U ren,T (£ fl , C rii); coincide. 

iss 

By definition, is an object of yig e "' T -mod. It is easy to see that the functor N i— > 

zi(INf) : yig' r -mod — > A g en ' T -mod is the left adjoint to v : ^lg en ' r -mod — » A g ' T - mod. One 
readily checks that for Ji — A B , C rit <8> A B , cr it, with the action of A g ,T introduced in the proof of 

Theorem l4.5l the resulting object ?i(IM) is isomorphic to JJ ren,T (L BjCr it) itself. 

7.3. Let us regard i\ (N) as a chiral module over A BjCr it ®A BtCr it ■ We have a canonical map IN" — > 

la 

ir (IN"), and the PBW filtration on U ren,T (L B crit ) induces an increasing filtration F l (ii(INf)), i > 1 
on 2i (IN) with the i^ 1 (zi (IN")) term being the image of IN". The terms of this filtration are stable 
under the chiral action of A BtC rit ® A BtCr it and the Lie-* action of the entire A B en ' T ; the action 

of } B)X on gr(fci(N)) is central. 

The description of gr(U ren ' T (L g ^ cr i t )) given by 14.3J1 implies that we have an isomorphism 

(7.1) N ® Sym 3Bx (r! 1 (3 , ;c ))^gr(z ! (N)). 

Evidently, as a module over 3g,x, m(N) is supported on the formal neighborhood of Spec(3 fliX ). 
Recall the setting if Sect. 13.51 in particular, let 3 be the ideal ker(3 fl ,a; — * %g,x)- 
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Lemma 7.4. ForN as above, F l (i\(N)) equals the submodule ofi\(*N) annihilated by T. More- 
over, as a module over^g^, &l(N) belongs to the category 3g,:r _ rnod£ . 

Proof. Since the action of j fl on gr(ii(3\f)) is central, we have 3 • F z+1 (i\(N)) C -F l («i(K)). 
Therefore, by induction, every element of F i (i\(N)) is annihilated by T . 
To prove the inclusion in the other direction, consider the map 

3/a 2 ® {F i+1 / F i — » (F i (n(N))/F i ~ 1 (n(N))) , 

and the corresponding dual map 

(7.2) (^+ 1 ( l! (X))/F i (z ! (X))) -> 6(3,), ® (F l (i\ (N))/F i_1 (zi (N))) . 

We need to show that the map of l|7.2|) is injective. But this follows by combining the 
isomorphism (|7.1|) and Theorem 13.81 Indeed, this map is obtained by tensoring with K from 

Sym; s x (fi 1 ( 30 , ;c ))-,Sym;;; x (r! 1 ( 3fli;c )) ® ft 1 ^) -» Sym^O 1 ^)) ® 9( 3e ) x . 

This also proves the second assertion of the lemma, since £ is by definition the image of 
^ 1 (3 fl ,x) in @(tg) x - 

□ 

Thus, we obtain that N >— > ii(N) is a functor .Ag T -mod — > ./lg en ' r -mod£, left adjoint to r, 
and the adjunction map N i— > i ! o zipyf) is an isomorphism. 

7.5. To prove Theorem 16. 151 it remains to show that for every M £ cAg en,r -mod£ , the adjunc- 
tion map i\ oz ! (M) — ► M is surjective. Indeed, from the fact that v oij(X) ~ 7i, we know that the 
map z ! ozioz ! (M) — ► « ! (M) is an isomorphism, and we conclude that v (Ker(zi o z ! (M) — > M)) = 0. 
However, the functor v is evidently faithful, by condition (1) in the definition of 3 B ,:r _ niod£. 

Locally on Spec(3 fliX ), let us choose a basis in the space of sections of the vector bundle 
£ C N($ 0jX ). (This is possible since £ ~ Q($ s ) x , and we know that fi(a fl ) is locally free over 
is ® Dx, by Theorem I3.4f ID Let us choose functions fk in the ideal 3, such that under the 
pairingj-, •) : J/J 2 ® 6(3 fl ) 2; -> 3 B , X , we have (/{,&) = 

Let ^ be an arbitrary element in H^^D* , A r 3 en ' T ), which projects to under 

H° DR (VZ,A r g en n - ^(DJ.n 1 ^)) - (tt 1 ^)), * £. 
Consider the natural action of Hp R (D* , ./lg en ' r ) on 3g,a:; we have: 

£k(/i) = 4j mod 3. 

Let M be an object of .Ag e ™' T -mod£, and let Mi be the canonical filtration on it, as in 
Sect. 13.51 We have to show that the subspace Mi generates M under the action of Ag en ' T . We 
will argue by induction, and assume that the subspace Mi_i can be obtained from Mi by the 
action of A r B en ' T . 

Consider the action of 0/3 2 on the extension 

-> Mi-x/Mi-a -» M,/M,_ 2 -> M,/M,_i -» 0. 

By definition, this action factors through (a/a 2 )/£- L , and the span of fk's is dense in the latter 
quotient. 

If m is an element of Mi, then fk ■ m £ Mi_i, and for all but finitely many indices k the 
element fk • m will belong to Mi_2- Therefore, the operator 5 :— J2k £k ' fk is well-defined on 
Mi/Mi_i. To perform the induction step, it would be enough to show that 5 is surjective. 
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We claim that 8 is in fact a scalar operator that acts as multiplication by i — 1. To prove 
this statement, we assume by induction, that S acts as j — 1 on Mj/Mj_i for all j < i. 

Given an element m G Mj/Mj_i, consider the finite sum S,k ■ fk ■ Tn, which includes 

k=l,...,N 

all the indices k for which fk • m £ M^_2- We must show that for any index I, 




^ 6fe • /fe • w - (i - 1) • m S M l _ 2 



Without loss of generality, we can assume that the initial finite set of fc's included I, as well 
as the corresponding set of indices for the element fi -m € Mi_i/Mi_2- Then we have 

fr I • /fe ' m _ (* _ !) ' TO = 6= ' /fc • /; • TO _ _ 2 ) • /r + 

\k=l,...,jV / \fc=l,...,iV / 



,tyk=l,...,N 



&(/») • A • m I + • /i • m - /r m) 



In the above expression, the first term belongs to Mi_2, by the induction hypothesis on the 
action of S on Mi_i/Mi_2- The second term belongs to Mi_2, because for k ^ Z we have 
£ 3, and the third term also belongs to Mi_2, because £;(/;) = 1 moo? 3. This completes 
the proof of the induction step, and hence, of Theorem 16. 151 

7.6. Recall that formal scheme Spec(3s,x,m.f.) introduced in Sect. 16.121 From Theorem 16.151 
we obtain the following corollary: 

Corollary 7.7. Every object of A r s en ' T -modg is supported on Spec(3 fl ,x,m.f.)- 

Proof. Let us write M S .Ag 6 ™' r -mod£ as zi (IN") for INT G .Ag T -mod, and consider the filtration 

Of course, F 1 (ii(3\f)) is supported on Spec(3 g x ) C Spec(3g,x,m.f.), and let us assume by 
induction that F J_1 (zi(INf)) is supported on Spec(3 B .iE,m.f.)- However, since F 1 ^ 1 (i\ (K)) is stable 

under the chiral action of A ByCr it <S> A ByCr it, and (A reri:T K F 1-1 maps surjectively 

3s 

onto F*(ii(!N)), and taking into account that A ren,T / (A ByCr it X A fl , C rii/3e) — ^ 1 (3b)> we obtain 
that F l (i\(N)) is also supported on Spec(3 , x ,m.f.)- 

□ 

Following a suggestion of Beilinson, let us note that Theorem 16.151 can be viewed in the 
following general framework. (We formulate it in the finite-dimensional situation, for simplicity.) 

Let X and V be as in Sect. 17.11 Let Lx be a Lie algebroid on X, and let Ly be its pull-back 
back to y. Let ^ be the formal neighbourhood of y in X, and let D V be the smallest 
ind-subscheme of y, stable under the action of Lx- Let Lx _ mod be the category of all right 
Lx -modules, Lx-mody its subcategory of modules supported on and let Ly-mod be the 
category of right Ly-modules. Let also Lx-mody be the subcategory of Lx-mody, consisting 
of modules supported on y. 

We have the direct image functor i\ : Ly-mod — ► Lx-mody, but it is easy to see that 
its image belongs in fact to Lx-mody. And we have the right adjoint of i\, denoted v : 
Lx-mody — > Ly-mod. 

Assume now that Lx is Ox-flat, and that Ly is a locally direct summand in N$). Let 
Ox-modi r be the subcategory of Ox-mod defined as in Sect. 13.51 We have: 
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Theorem 7.8. 

(1) An object M G Lx _ mody belongs to Ljf-mody if and only if, as a Ox-module, it belongs 
to Ox-mod^. 

(2) The functor i\ is an equivalence of categories Ly-mod — > Lx-modu with the quasi-inverse 
given by v . 

8. Proof of Theorems 16. 1 II and 16. 21 

8.1. Let us start by observing that we have a natural map 

(8.i) n 1 ^) - Extl orit _ mod (V a , cr i t ,V fl , crit ). 

This map can be constructed in the following general framework. Let Ac[n]/n 2 be a flat 
C[H]/H 2 - family of chiral algebras, and set A = (-Ac[fi]/fi 2 ) We claim that there is a canonical 
map 

(8-2) n\ d (A) x ) -> Vxt\_ mod {A x ,A*)- 

Indeed, consider (Ac[n]/n 2 )x as an extension 

— » A x — > (^C[fi]/fi 2 )a; — *• Aj, — ► 

in the category of Aq£] /^-modules. Let e denote its class in Ext^^ s2 -mod(Ac> Ac)- 

For an element a G $(A) X , viewed as an endomorphism of A x as a Ac [^l //^-module, we can 
produce two more elements of Ext^^ s2 _ mo( j(A X) A^), namely, a ■ e and e • a. However, it is 

easy to see that their difference already belongs to Ext A _ mod (A x ,A x ). Moreover, one readily 
checks that the resulting map i(A) x — > Ext\_ mod (A x ,A x ) is a derivation, i.e., gives rise to a 
map in Q8.2|) . 

Explicitly, for A — A 3 the map of (|8.1|l looks as follows. Note that 
Extl orit _ mod (V fl , crii ,V g , crit ) ~ K\g(Q x ), V BlCri t). 

Given an clement da £ fi 1 ^^), where a £ 3 fl]X C Vg, C Ht, consider its deformation a% G V .r 
and define the corresponding 1-cocycle on g(Q x ) by 

(8.3) g G 0(6.) ~ ^ . 

This gives the desired map. 

The next proposition states that the map of i|8.1|l is an isomorphism. This is a particular 
case of the following general theorem established in [FT]: 

Theorem 8.2. We have a canonical isomorphism between £l l ($ 3 , x ) and the relative cohomology 
1^(0(0,), ,V fliCrit ). 

For i = 1 we have H 1 (0(O 2; ), 0, V B , C rit) — H 1 (0(O a; ), V B)C rit)j and we obtain that H8.1|) is 
indeed an isomorphism. 

Here we will give a different proof of this fact, using some results from |BD| . 

Proposition 8.3. The above map fi 1 (3 fl , x ) — > Extg cr . t (V fljCr it, V fl)Cr jt) is an isomorphism. 

Proof. Recall the setting of Sect.0 Consider the short exact sequence 

* ^g.crit * ^G.crit,x * G ,crit,x /^C^ Q,crit) * 0. 
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We know that H (Q(Ox),®G,crit,x) — [(V B , cr jt)) and by a similar argument we obtain that 
H 1 (g(O a; ),£) G!C „ t ^) = 0, since H 1 (fl(0 K ),Fun (g(Q x ))) = 0. Therefore from the long exact 
sequence we obtain an isomorphism 

H 1 ( (O a: ),V giC rt t ) si (S G , c „ t!;c /r(V fliCrit )) r(0(Oa!)) /t(V fl , c „ t ). 
By letting the point x move, we obtain from the subspace 

(S)G,cHt,a;/t(V fll crii)) ^^'V'O^crjt) C ®G,crit,x/ (^(^ g,crit) + K^fl.crit)) 

a D-submodule, which we will denote by ^(jg) C SccHt/W^s^rit) + K^-s,cru))- We can form 
the Cartesian squares 

A^:=0 1 (3 fl ) x SG,oritA(A B)Cri t), 

2G,c r i t /(t(yi„, mt )+i(A B , CT , t )) 

A^:=n 1 ( 3B ) x £ G>crit . 

So,«Ht/W^,,cH l )+[(^,,cnt)) 

Let us show that the chiral bracket on ®a,crit induces on ^ 1 (3 fl ) and a structure of Lie-* 
algebroids over 3 B , and on .A B en ' r a structure of chiral algebroid. 

For that, let us note that A r g en ' T is by definition the normalizer on x(A BtCr it) in DG,crit-> 
i.e., the maximal D-submodule of T>G,crit, for which the Lie-* bracket sends t(A 0>cr it) to itself. 
Since l(A BtCr it) is the centralizer of v(A gtCr it) (by Lemma I5.2J) . we obtain that A r g en ' T normalizes 
l(A g ^ cr it) as well. (By symmetry, we immediately obtain that A r g en ' T is in fact the entire 
normalizer of l(A g _ cr i t ) in ®G,crit-) Now, Corollary 15. 31 implies that A r g en,T normalizes also 3 B . 
This implies the above assertion about the algebroid structures. 

Note also, that if M is a chiral module over T>G,crit, we obtain that the Lie-* algebroid A b s 
acts naturally on the subspace M t(0(5a=)) , and fi 1 ^) acts on the subspace M I(fl(5x)) nM r(s(5x)) . 

From the construction of the map fl 1 (% g ) — > r £>G,crit/*(A s ^ cr it) + \-{A 5yCr it) in Sect.0 it is clear 
that its image is in O 1 (3 S ) . (Of course, we are about to prove that is in fact isomorphic 

to fi 1 (3 ).) On the level of fibers, the above map coincides with the map 

C^s) <®h,x = fil (3 fl ,z) -> H x (5(O x ), V B , crit ), 

la 

given by formula 1)8.30 . We obtain also morphisms of algebroids A g — > A B and ,A B 6 ™' T — * ,A B eri '' T . 

Thus, we have a sequence of morphisms of algebroids S1 1 (3 B ) — » "(fo) — * @(3g)i and we 
want to prove that the first arrow is an isomorphism. At the level of fibers, the second map 
can be viewed as follows. For an extension 

-» V B , crit -> M -> V BlCrit 0, 

the action of ~ Af*(3 B)X ) on M defines an endomorphism of V g , C rit, i-e., an element of 3 BiX . 

According to Proposition 6.2.4 of jBDj . there are no non-trivial extensions of V BiCr it by 
itself in the category g cr i t -mod rcg . This implies that fi 1 (3 B ) — ► 0(3 B ) is an injection. Indeed, 
otherwise, we would obtain an extension M as above, which belongs to g cr i(-mod rcg . 

Thus, fi 1 (3 B ) is "squeezed" between r2 1 (3 B ) and 0(3 B ). To prove that ^ 1 (3 B ) in fact coincides 
with J1 1 (3 B . 2; ), we will use Theorem 5.5.3 of BD . This theorem asserts that ^ 1 (3 B ) coincides 
with the Atiyah algebroid corresponding to a certain principal L G-bundle over Spec(3 B ). 

This bundle is constructed as follows. We have an equivalence between the category Rep( L G) 
of finite-dimensional representations of L G and the category of G(Oa;)-equivariant objects in 
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D cr i t (GrG)-niod; for V £ Rep( L G), let "S v £ D cr i t (GrG)-mod be the corresponding D-module. 
Set 

V 3g ^ := Hom gorit (V fl , crit , r(Gr G , ? v )). 

Theorem 5.4.8 and Sect. 5.5.1 of |BD| imply that V i— » V 3o is a tensor functor from Rep( L G) 
to the category of locally free finitely generated 3 fliX -modules. By letting the point x move along 
the curve, for every V as above, we obtain a 3 fl ® Dx- module, denoted V i(i , and the assignment 
V t— > V 3 is the sought-for principal L G-bundle on Spec(3 B ). 

The assertion of Theorem 5.5.3 of |BD| . combined with Theorem 13.81 implies that the Lie-* 
algebroid Sl 1 (^ g ) is the universal Lie-* algebroid over j B , whose action lifts to the above L G- 
bundle. However, as we have seen above, the Lie-* algebroid fi 1 ^) acts on every 3 flj:E -module 
of the form Homj cri[ (V s , C rit, r(Gr<3, 5")), for 5F £ D crit (GrG)-mod. Again, globally over X, 
we obtain that fi 1 (3 B ) acts on all V ig . This implies that we have a splitting r2 1 (3 fl ) — > fi 1 (3 B ), 
which is automatically an isomorphism. 

□ 

8.4. Next we will prove that Extl 4t _ mo< j(V fljCr jt> V g , C rit) is flat as a 3 B ^-module for any i. 
This statement can be formally deduced from Theorem 18. 21 but we will give a different proof. 

First, we claim that the topological Lie algebroid hx (^ 1 (3g)) over Spec(3 flj2: ) (defined as in 
CHA , Sect. 2.5.18) acts on every such Ext*. Indeed, consider the Lie algebra iJ^ fl (D x , f2 1 (3 B )). 
The Lie-* action of A g on A BtCr it yields an action of H^ )R {T> x ,Vt 1 {i s )) on the associative algebra 
A S:Cr it.x by outer derivations. Since the ,A fl)Cr it-action on V St0 rit lifts to an action of A g , we 
obtain that H^ R {T) X , f2 1 (3 fl )) indeed acts on every Extg eH , t _ mod (V 0lCr it 5 V B .crit) ■ Since V 8l crzi 
is a 3 B -module, so is Ext 1 , and the above H^ R (T> X7 f2 1 (3 B ))-action extends to an action of its 
completion hi* (fi 1 ^)). 

By identifying % x with C((t)), we endow Q cr u with a Z-grading by letting t have degree 
— 1. In this case V fljCr it is a non-negatively graded g cr it-module. Moreover, the terms of the 
standard complex computing the cohomology Ext| cr . t _ mod (V B , cr j t , V BlC rit) ^ H s (fl(O x ), Y g>cr it) 
are also non-negatively graded. 

By applying Lemma 6.2.2 of |BD| . we conclude that the above Ext* is free over 3 fl)X . 

Lemma 8.5. The module V g , C rit is flat over 3 fl ,x- 

Proof. The lemma is proved by passing to the associate graded. Recall from Theorem 13. 4f 1) 
that V fljC Ht and 3 BjX are naturally filtered, and 

gr(V ,crii) - Fun (g* x Gm T(V X , Sl x )) a d (Fun( fl * x Gm uu x )) x 
gr(3 8 ^) ~ Fun (( fl */G) x Gm T(T) X , Six)) * 3 (Fun( fl */G x Gm lo x )) x . 

Now we apply Theorem A. 4 of |EF| . which exactly asserts that 3 (Fun(g* x Gm wj)) is flat over 
3(Fun( */Gx Gm w x )). □ 

Finally, we are ready to prove the following: 
Proposition 8.6. For any i g ^ x -module L, the natural map 

Ext L, !f -mod( V B,c«i,V fliC „ t ) <g> £ ->• Ext| cr . t _ mod (V fl)Cr i t ,Vg, cr ii ® £) 

%q,x 3g,x 

is an isomorphism. 
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Proof. Prom the identification Ext| or4t _ mod (V fl , cr it,V g , C Ht <8> £) - rP(f|((3 x ), Y s . cr it ® £) and 

3g,:c 3g,:c 

the standard complex, computing cohomology of the Lie algebra q(0 x ), we obtain that the 
functor £ i— > Ext| _ mod (V 8)C rit> ^g,crit <8 £) commutes with direct limits. Therefore, to 

3g,x 

prove the proposition, we can suppose that £ is finitely presented. 

Since % 3tX is isomorphic to a polynomial algebra (by Theorem 13 . 4f 1 ) ) . any finitely presented 
module £ admits a finite resolution by projective modules: 

-> ... -> 3>i -> T -> £ -> 0. 

By Lemma T8. 51 the complex 

-> V fl:C „ t <g> 3>„ -> ... -► V B , c „ t <g> Ti -> Y^ cri t <8> T -> V B , c „ t £ -> 

is also exact. 

Thus, we have a spectral sequence, converging to Ext| crit _ mod (V 05Cr it, V B , C Ht ® £), with the 

3s, s 

Ej' _J '-term isomorphic to Ext| cWt _ mod (V fl , crit , V , C Ht ® 3*0- 

3g ,as 

Since each ^ is projective, we evidently have 

Exti orit _ mod (V fl , crt t,V g , cHt ® ^')~Ext^ rit _ mod (V fl , OTt ,V fl , c „0 ® 3»'. 

3g,a= 3g,;c 

But since all Ext^ cr . t _ mod (V B . cr it, V BiCr i t ) are 3 Ba: -flat, this spectral sequence degenerates at E 2 , 
implying the assertion of the proposition. 

□ 

Corollary 8.7. Extl crW _ mocW (V B , crit , W B , cr it ® £) = 0. 

Proof. We have a map 

3/3 2 ® Ext~ cr ,. t _ mod (V BiC „ t , V fl:Crit ® £) -> Hom Bcr . t _ mod (V fl 

3 g , :c 3 g ,3; 3a , ^ 

and its adjoint 

(8.4) Exti cr!t _ mod (V B:Crif , V , C Ht ® £) -> 0(3 )a; ® Hom Bcrit _ mod (V BiCrrf , V B:Crit ® £). 

3g 7 a= 3g,^ 3g,x 

It is easy to see that 

Ext lc„ t -mod rcg (V B , c „ t ,V BiC rtt ® £) cExti cr . t _ rood (V fl , crit! V B)C rii ® £) 

3g,a: 3g 7 a= 

is exactly the kernel of the latter map. 

However, by Proposition 18 . 61 applied to i = and 1, we can identify both sides in 1|8.4JI with 

3g,a= 3fl,3: 

and the latter map is injective, since coker(fi 1 (3 B ) — » 0(3 B)X )) is flat as a 3 B -module, by Theo- 
rem El 

□ 
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8.8. Recall the functor F : g cr it~- mod^ ' — > % B:X -mod and its left adjoint G : 3 Bj2: -mod — > 
crit -mod^ 5a:) defined in Sect. El 

Note that the functor F is faithful. Indeed, a module M E gcnt-mod^ ** 1 necessarily 
contains a non-zero vector, which is annihilated by g ® iC[[i]] C g C rit- Therefore we have a 
non-zero map cHt — > M, and by Lemma 16.91 A must be equal to 0. 

Note that the assertion of Proposition 18. 61 for i = implies that the adjunction morphism 

L -> F o G(X) 

is an isomorphism. We claim that this, combined with Corollary 18.71 formally implies Theo- 
rem 

We have to show that for M £ g cr i t - modf J® ^ the adjunction map 

G o F(M) -> M 

is an isomorphism. 

This map is injective. Indeed, if M' is the kernel of G o F(M) — » M, by the left exactness of 
F, we would obtain that 

F(M') = ker(F o G o F(M) -> F(M)) ~ ker(F(M) -» F(M)) = 0. 

But we know that the functor F is faithful, so M' = 0. 

Let us prove that G o F — > Id is surjective. Let M" be the cokernel of Go F(M) — * M. We 
have the long exact sequence 

O^FoGo F(M) -> F(M) -» F(M") -> i2 1 F(G o F(M)) -> ... 

However, Corollarv l8 . 71 implies that R 1 F(G(£j)) = for any 3 fl x -module L. Therefore, the above 
portion of the long exact sequence amounts to a short exact sequence 

O^FoGo F(M) -> F(M) -> F(M") -> 0. 

But the first arrow is an isomorphism, which implies that F(M") = and hence M" = 0. Thus, 
Theorem 16. 31 is proved. 

As a corollary, we obtain the following result. Let a £ Spec(3 BiX ) be a C-point, and consider 

the subcategory Q crit --mod^ ^ of g cr it- mod^°^ whose objects are the g cr i t -modules with 

central character equal to a. Theorem l6 . 3l implies that the category g C rit~ mod^' 01 ' is equivalent 
to the category of vector spaces. In particular, the module 

is irreducible. 

8.9. Finally, let us prove Theorem 16.111 Let M be an object of g cr i(-mod G ^ 0x ' ) , and let Mi 
be the filtration as in Sect. 13.51 We need to show that the action of J/[J 2 on Mj+i/Mj_i, that 
maps Mi+i/Mj to Mj/M^i, factors through (3/3 2 )/£- L . 

We claim that for any extension in Q cr i t -TCiod G ^ ^ 

-> M 1 -> M 2 -> M 3 -> 
with M\M 3 E c „ t -mod^ Ox) , the map 3/3 2 ® M 3 -> Mi factors through p/a 2 )/£ ± . 

3b, x 
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Indeed, by Theorem 16. 21 we can map surjectively onto M 3 a module of the form Y StC rit ® 

where £ is a free 3 B:E -module. Hence, we can replace M 3 by Y BjCr it- Again, by Theorem 16.21 
M 1 has the form V BiC Ht (g> Z 1 for some 3 gj3; -module L 1 . 

Now, our assertion follows from Proposition 18 . 61 for i = 1. 

9. Faithfulness 

9.1. Recall the category A g ' T -mod G ^ ^ introduced in Sect. 16.141 Observe that the functor 
F : 9crit~ mod^ *' — > j 8 .^-mod extends to a functor 

(9.1) A s ' T -mod G(0 ^ ->^-mod. 

Moreover, Theorem 16.31 implies that the latter is also an equivalence of categories, with the 
quasi-inverse being M — > M ® V BjCr it. 

3s,* 

We obtain that the functor T : D crit (Gr G )-mod — > g cr i t -mod naturally factors as 

D cri t(Gr G )-mod —> A^-mod -> fl cr j t - mod xeg fl cri t- mod, 

where the second arrow is the tautological forgetful functor. We will denote the resulting functor 
D c „ t (Gr G )-mod -> A^-mod by r b . 

Remark. Suppose that 3^ is a C[[fi]]-flat family of K^-twisted D-modules on Gr G . By taking 
global sections, we obtain a C[[fi]]-family of g KR -modules. Theorem II .21 implies that this family 
is flat as well. 

Set 3o = 3yfi- We obtain that the g er it-niodule r(Gr G ,5FQ) has two (a priori different) 
structures of object of A g -mod: one such structure has been described above, and another is 
as in Sect. 14.31 However, it is easy to see that these structures in fact coincide. 

The main result of this section is the following 
Theorem 9.2. The above functor T b : D cr i t (Gr G )-mod — > .A^-mod is fully faithful. 

9.3. Recall the category Ag en ' 7 -mod~g 0x ' ) . By combining Theorems 16.151 and 16 . 1 1 1 we obtain: 
Corollary 9.4. We have the following sequence of equivalences: 

A^-modg ^ A^ T ~mod G(5 ^ ^ A^-mod, 
where the last functor is as in (|9.1|l . 

j A G ((0 ^ " G(0 ) 

Recall now the functor v : g cr i t -mod k m ' — > g cr i t -mod~g x , and the corresponding functor 
v : A r a en ' T ~mod G(h ^ -+ A" n ' T -mod~ (0 x) . 

8 8 reg 

Let us denote by T the functor D cr i t (Gr G )- mod — + A r s en,T -mod < ~^ > ^ equal to the composi- 
tion 

D c „ t (Gr G )-mod ~ S G ^ c „ t - mod G(5x) -» .A B en ^-mod G ( 3 *) X A^-modg 5 * 5 . 

The functor T b is the composition of V, followed by the A r s en,T -uvod ^^^ — > .A B -mod of 
Corollary 19. 41 So we are reduced to proving 

Theorem 9.5. The functor V : £> G!Cr i t -mod G ' 0x ' > — > ,A B era ' T -mod~ ( ' 0x ' ) is /wZZi/ faithful. 
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9.6. Recall from Proposition 16 . 71 that for M G 2crit~ m od G ^ 0:c \ the object r(M) is in fact a 
direct summand of M, denoted M reg . 

Let us first analyze the decomposition M ~ M rog © ;M non ~ rcg when the module M equals 
^G,crit,x itself. Letting x move, we obtain a direct sum decomposition of D-modules J)g,cH* — 

Lemma 9.7. The homomorphism JJ ren ' T (£ , C rii) — * ^G.crit is an isomorphism onto ^Q S crit - 
In particular, Dg g CTiJ is a chiral subalgebra of DG,erit- 

Proof. It is enough to show that the homomorphism U ren ' T (L s ^ cr it) — * QccHt induces an iso- 
morphism at the level of fibers. The fiber of JJ ren ' T (L g , cr it), viewed as an object of j4g en ' r -mod, 
corresponds, under the equivalence of categories given by Corollary 19.41 to V BjCr it € .A g -mod. 

Hence it remains to show that {T>G,crit,x)^°^ — V 0iC rii> but this is the content of Lemma f5. 21 

□ 



This lemma implies, in particular, that for any M € 2)G,crit _ mod^ *', the chiral action of 
®G% n t ma P s MrSs t0 MrVs and M non - rcg to M non - rcg . 

Lemma 9.8. For M € S G , c „ t -mod G(0a=) , tfce cAiraZ action ofD a °^ maps M^ g M non - rcg . 

Proof. According to Lemma l6.9l we can find an element of 3g,x, such that its action is nilpotent 
on Dq crit x and invertible on S™^. We can assume that this element comes from a local 
section a £ j,. For example, a can be taken to be the section corresponding to the Segal- 
Sugawara So operator. 

Moreover, we can find a section a' of 3 g EH Ox such that the O-module endomorphism of 
53 g, crit given by 

(9.2) 6m (h®id)[a'®b\ 

is nilpotent on D G crit , and invertible on Dq™^ 6 . In the above formula a' ® 6 is viewed as 
an element of the D-module TiG.crit K TiG,crit on X x X, [•, •] denotes the chiral bracket, and 
(h Kl id) denotes the De Rham projection A\(®G,crit) — > ^G,crit- 
The chiral action gives rise to a map of D-modules on X 

where i x (resp., j x ) is the embedding of the point x (resp., of its complement). For a section 
b 6 jx*jx{^G OI crit 6 ) an d an element m G M reg , consider the section 

a' ® b ® m e j2,x*i 2 %(3 fl B D" g ) ® M" g , 

where a is the embedding of the complement to Ax U X x x into X x X. 

By applying the Jacobi identity to the above section, we obtain that the action of a' on the 
image of tp, given by the same formula as (|9.2J) . is invertible. But this means that the subspace 
of M corresponding to the D-submodule Im(ip) C i x \(M-) is supported off Spec(3 BjX ). Therefore, 
this subspace belongs to M non " reg . 

□ 

9.9. Let us assume for a moment that for any non-zero M 6 ®G,crit-mod G< ' * : \ the component 
M reg ~ r(M) is necessarily non-zero. Let us show that the functor T is then full. 

Let ^c.crit^x be the canonical associative algebra corresponding to the chiral algebra ®G,crit 
and the point x £ X, see Sect. 16.41 We have a decomposition ®G,crit,x = ®G S cr it x ® ^c'crT^x' 
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where the first summand is a subalgebra. For M G 2) G!Cri f-mod G ( 0:E \ the action of Dg S cn( x 
preserves the decomposition M = M rcg © M non " rog ; moreover, by Lemma 19.81 the action of 
®G™r7t% sends M ™ e to M non - r °s. 

Observe that for M G £> G , C r-_t _ mod G ^ 0x \ the map 
(9.3) Sg^m <8> M™ 8 -» M 

is automatically surjective. Indeed, its image is a J) G!Crit -submodule Mi C M, which satisfies 
Mf s = M™ g . But then, for the quotient module M 2 := M/Mi, we have: 3Vtf s = 0, which 
implies M2 = 0. 

Similarly, for any element m G M we can always find a section b of 'Sc,crit,x, such that b ■ m 
is a non-zero element of M reg . 

Let now M and N be two objects of D G , cnt -mod G{0 * ) , and let <j) : M™ 8 -> N™ 8 be a map 
in _4g en ' r -mod. By Lemma l9~71 is a homomorphism of £> G s CI , it ^-modules. We have to show 

that this map extends uniquely to a map of 'Dg, crit, ^-modules M — » 3Sf. 

The uniqueness statement is clear from the surjectivity of 1)9. 3|l . To prove the existence, let us 
suppose by contradiction that the required extension does not exist. This means that there exist 
elements a t S ^G,crit,xi and rrii G M rcg , such that ^2 o-i • fn% — G M, but ^2 a t ■ 0(mj) =n^0 

2 i 

in N. Let 6 G ®G,crit,x be an element such that 0^6-n£ IN™ 8 . Let us write =: c, = c- + c", 
wneie c l G A^ GiCHtia ., ana c l G ^ G!C „ 4jX - 

By Lemma 19. 81 we have ^ • (j>(rrii) ^ 0. However, for the same reason, ^ • nrii — 0, which 

i i 

contradicts the fact that 4> was a morphism of S) G ^. rit ^.-modules. 

9.10. Finally, let us show that ^ ? € D cr i t (Gr G )-mod, implies that M^? 8 0, where My 

is the corresponding object of ®G,crit- mod G (°*\ By Theorem 11.21 and Theorem 19.41 this is 
equivalent to the fact that 

? J G D crtt (Gr G )-mod => r(Gr G , J) ± 0. 

Note that the same argument works also in the negative and irrational level cases: 

For a congruence subgroup K C G(O x ) 7 let D K (Gr G )-mod K be the subcategory of (strongly) 

-RT-equivariant D-modules, and let g^-mod^ be the subcategory of if-integrable modules. The 

functor r of global sections evidently maps D K (Gr G )-mod if to g^-mod^. 

Recall now the setting for the Harish-Chandra action of BD , Sect. 7.14. Namely, let 

G((tj) be the loop group corresponding to the point x G X, and G((t))/K-the corresponding 

ind-scheme. We have the convolution functor 

* : B K (G((t))/K)-mod x D ti (Gr G )-mod A ' — » £ fc (D K (Gr G )-mod), 
where D b (-) stands for the bounded derived category. In addition, we have the functor 

* : D K (G((t))/K)-mod xg K ~mod K — » D b (g K -mod). 
Moreover, the (derived) functor of global sections 

RT : D b (D K (Gi G ymod K ) - D b {g K -mod K ) 
intertwines the two actions. 

Lemma 9.11. For any non-zero object 3" G D K (Gr G )-mod^ ; there exists a G(O x )-equivariant 
object J' G D K (G((t))/K)-mod, such that j£ L> 6 (D K (Gr G )-mod G(0a;) ) is non-zero. 
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Proof. We have an equivalence of categories 

Jh+ r : D K (Gr G )-mod K -» D_ K (G((t))/iv>mod G ^\ 

corresponding to the involution g i— » g^ 1 on G((t)). For J 6 D K (Gr G )- mod^ and 3"' 6 

D K (G((t)) I K)- mod G ^ 0x - ) , the fiber at 1 € Gr G of the convolution J' -kj is canonically isomor- 
phic to ri£>i{(G((f))/i\~, 3*® 3*). (Note that is an object of the derived category of usual 
(i.e. non-twisted) right D- modules on G((t))/K, therefore, global cohomology makes sense.) 

In particular, this global cohomology is non-zero for £F' being (the direct image of) the 
constant D-module on a G(0 :E )-orbit G(0 X ) ■ g C G((t))/K, for some g G G((t))/K, such that 
the fiber (3 r *) g is non-zero. 

□ 

Using this lemma, our non-vanishing assertion reduces to the fact that for a non-zero 3 € 

L> fc (D K (Gr G )-mod G(0x) ), the object RT(Gi G ,J) is non-zero either. 

To prove it, note that since the functor T is exact, we can assume that 2f belongs to the 
abelian category of D-modules. By the semi-smallness result |BD| . Sect. 5.3.6, the convolution 

★ is exact on D K (Gr G )-mod G ^ 0:,: - ) , i.e., D K (Gr G )-mod G ^ 0l ' ) acquires a structure of monoidal 

category. (Note that for k integral, the Satake equivalence identifies D K (Gr<3)-mod G ^ 0m ' ) with 
the category of representation of the Langlands dual group L G.) 

For an object 5" G D K (GrG)-mod G( - 0x ' ) (which we can assume to be finitely generated), 

let 3* G D_ K (Gr G )-mod G(0a:) be the object as in the proof of Lemma 19.111 and take 3' G 

D K (Gr G )-mod G(0a;) be the Verdier dual of 3*. 

Let 5\ be the delta-function twisted D-module, corresponding to the unit point 1 G Gr G . 
By adjunction, we obtain a non-zero map 5i — > 3' * 3. This map is necessarily an injection, 
because S± is irreducible in D K (Gr G )-mod. Hence, by the exactness of T, we obtain 

V fl , K ~ r(Gr G , Si) ? r(Gr G , J' * J) ± 0, 

which, in turn, implies that T(Gr G ,3 r ) ^ 0. 
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